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EKONOMICKY EFEKTIVNE RIADENIE ZASOB

V PODMIENKACH RIZIKA

COST-EFFECTIVE INVENTORY CONTROL UNDER RISK

Zdasobovacie systéemy zohrdvajii vyznamnui ulohu v organizdcidch
vyroby a sluZieb pri podporovani plynulosti vyroby alebo obsluhy. Vyvoj
v Case a prostredie rizika obvykle charakterizujii c¢innost' takychto
systémov. NdleZité riadiace pravidla su potrebné pre rozhodovanie
o doplnujuicich objedndvkach. Ak stochastickd dynamika vyvoja sys-
tému vykazuje markovovsku vlastnost, potom na odhalenie ekono-
micky efektivnej stratégie riadenia zdsob mozno pouzit Markovove
rozhodovacie modely. V ¢lanku je predstaveny jednopolozkovy zdso-
bovaci systém s periodickou kontrolou v iidrzbdrskom stredisku vyrob-
nej alebo dopravnej organizdcie, v ktorom dopytové pozZiadavky na
nahradné komponenty tvoria Poissonov vstupny tok. Pre sekvencné
rozhodovanie o velkostiach objedndvok pocas nekonecného planova-
cieho horizontu je popisany prislusny Markovov rozhodovaci model
s diskrétnym casom a konecnym stavovym a riadiacim priestorom.
Strednd hodnota priemernych ndkladov za jednotku casu (pri dlho-
dobom fungovani systému) je kritériom optimality, ktoré md mini-
malizovat optimdlna stratégia riadenia zdsob.

Kliicové slova: Markovove rozhodovacie procesy, riadenie zdsob,
zdsobovacie systémy s periodickou kontrolou

1. Riadenie zasob

V mnohych vyrobnych alebo dopravnych organizaciach vznika
problém urcenia vhodnej stratégie zasobovania nahradnymi kom-
ponentmi, aby bola zabezpeCena prevadzkyschopnost vyroby ¢i
obsluhy. Stredisko technickej udrzby musi mat k dispozicii prime-
rany pocet nahradnych komponentov na promptné vykonavanie
oprav vyrobnych alebo obsluznych zariadeni. Pred zasobovacim
dispeCerom udrzbarskeho strediska stoji otazka, kedy a kol'ko
komponentov objednavat. Spravna odpoved na tito otazku moze
vyrazne znizit prevadzkové naklady. Ak uroven zasob nahradnych
komponentov je prili§ vysoka, stvisiace skladovacie naklady
(obvykle spojené s platbou urokovych sadzieb za finanéné pro-
striedky viazané v zasobach) predrazuju ¢innost systému. Na druhej
strane, ak je uroven zasob prili§ nizka, existuje vel'ké riziko nedo-
statku nahradnych komponentov v poZadovanom ¢ase. To zname-
na, ze v pripade vyskytu poruchy vyrobné ¢i obsluzné zariadenie
nemozno opravit, o ma za nasledok financ¢nu stratu z vypadku
produkcie alebo obsluhy.
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Inventory systems play an important role in manufacturing and
service providing organisations to support fluency of production or
service. Evolution in time and environment of risk usually characterise
operation of such systems. Proper control rules are required for deci-
sion making on replenishment orders. If stochastic dynamics of system
motion exhibits the Markovian property, then Markov decision models
can be employed to reveal a cost-effective inventory control policy.
A single-item periodic-review inventory system in the maintenance
centre of a manufacturing or transportation organisation with a Poisson
arrival stream of demand requirements for spare components is intro-
duced in the paper. The corresponding discrete-time Markov decision
model with finite state and action spaces is described for sequential
decisions on order sizes over an infinite planning horizon. The long-run
expected average cost per unit time is the criterion of interest to be
minimised by an optimal inventory control policy.
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1. Inventory control

In many manufacturing or transportation organisations the
problem arises to determine an appropriate inventory policy for
spare components in order to ensure production/service opera-
tion ability. A proper number of spare components must be avail-
able in the maintenance centre of the organisation to repair
production/service facilities promptly. An inventory dispatcher in
the maintenance centre is confronted with the question when and
how many components to order. A sophisticated answer to this
question can reduce operation costs in a crucial way. If the inven-
tory level of spare components is too high, the corresponding
holding costs (usually associated with payments of interest rates
for financial resources fixed in the inventory) overcharge the
system operation. On the other hand, if the inventory level is too
low, there is a great risk of lacking spare components in the time
required. This means that in a failure-occurrence case the produc-
tion/service facility cannot be repaired, which results in a finan-
cial loss due to production or service breakdown.
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Zasobovacie systémy posobia v Case - su teda dynamické. Ich
vyvoj je ovplyviiovany nahodami (Cas vyskytu poruchy vyrobného
i obsluzného zariadenia nemozno vopred naplanovat). V svojej
podstate su teda zasobovacie systémy stochastické. Posobia v pro-
stredi rizika. Vyvoj systému v podmienkach rizika odraza skutoc-
nost, Ze nahodné faktory majuce vplyv na spravanie systému su
popisané nejakymi (plne identifikovanymi) rozdeleniami pravde-
podobnosti. Ak pravdepodobnostné zakony vyvoja - ktorym pod-
liecha stochasticka dynamika zasobovacich systémov - vyhovuju
markovovskej vlastnosti, problém urcenia vhodnej ekonomicky
efektivnej zasobovace;j stratégie mozno formulovat ako Markovov
rozhodovaci problém. Vyvoj systému, riadeny vybranou stratégiou
riadenia, je potom reprezentovany riadenym nahodnym procesom,
ktory spifia markovovsku vlastnost. Taky proces - oznacovany ako
Markovov rozhodovaci proces - ma svoju budicnost zavisli len
od pritomného stavu systému a nasledne prijatého riadiaceho zasahu
ale nie od minulej historie vyvoja systému.

Rozhodnutia o dopliujucich objednavkach mozno povazovat
za rozhodnutia o (technologickych) operaciach. Sustava riadiacich
pravidiel, urcujucich ¢i a kol'ko nahradnych komponentov objed-
nat, je potom stratégiou pre dynamické riadenie operacii v pod-
mienkach rizika.

Pri urCovani stratégie riadenia v stochastickych dynamickych
systémoch treba brat do uvahy dve skuto¢nosti:
® vplyv aktualnych rozhodnuti na buduce rozhodovacie situacie,
® existenciu mnoziny nahodnych odoziev systému na riadiaci zasah.

Vzhladom na ekonomické dosledky riadiacich zasahov sa na
porovnanie stratégii pouZiva kritérium strednej hodnoty priemer-
nych nakladov za jednotku Casu. Cielom je najst stratégiu riade-
nia zasob minimalizujucu hodnotu kritéria pre kazdu pociato¢nu
uroven zasob. Teoria Markovovych rozhodovacich procesov moze
pomoct odhalit taka stratégiu v pripade markovovskej dynamiky
systému.

2. Zasobovaci systém v stredisku udrzby

Predmetom uvah je zasobovaci systém v udrzbarskom stredisku
vyrobnej alebo dopravnej organizacie, kde sa v sklade uchovava
jeden typ nahradnych komponentov (napr. motorov alebo riadia-
cich jednotiek strojov). Nahodny charakter dopytu po komponen-
toch je typickou ¢rtou takého systému.

2.1 Vymedzenie zasobovacieho systému

Uroveii zasob na sklade sa vyhodnocuje v pravidelnych ¢aso-
vych okamihoch (napr. kazdy mesiac). Po zisteni aktualnej urovne
zasob sa prijima riadiace rozhodnutie o dopliujicej objednavke
nahradnych komponentov. Casové okamihy, kedy sa zistuje stav
zasob a nasledne prijima rozhodnutie o riadiacom zasahu, sa nazy-
vaju okamihmi rozhodovania. Casové intervaly medzi po sebe
nasledujucimi okamihmi rozhodovania su tzv. intervaly kontroly
alebo etapy s rovnakou dizkou trvajucou jednu Gasovu jednotku.
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Inventory systems act in time - hence, they are dynamic. Their
evolution is influenced by hazards (the occurrence time of a pro-
duction/service facility failure cannot be planned beforehand).
Thus, in nature inventory systems are stochastic. They act in an
environment of risk. System evolution under risk reflects a fact
that random factors, having their impact on the system behaviour,
are described by some (fully identified) probability distributions.
If probabilistic laws of motion - which underlie stochastic dyna-
mics of inventory systems - follow the Markovian property, the
problem to determine an appropriate cost-effective inventory policy
can be formulated as a Markov decision problem. A controlled
random process that satisfies the Markovian property then repre-
sents evolution of the system, directed by a control policy chosen.
Such a process - referred to as the Markov decision process - has
its future dependent only on the present state of the system and
a subsequent control action taken, but not on the past history of
the system motion.

Decisions on replenishment orders can be regarded as deci-
sions on (technological) operations. The set of control rules, spe-
cifying whether or not and how many spare components to order,
is then a policy for dynamic operations management under risk.

When determining a control policy in stochastic dynamic
systems, two facts must be taken into account:
® the impact of current decisions on future decision making situ-
ations,
® the existence of a set of random responses of the system to
a control action.

Due to economic consequences of control actions the crite-
rion of the expected average cost per unit time is taken to compare
policies. The objective is to find an inventory control policy mini-
mising the criterion value for each initial inventory position. The
theory of Markov decision processes can help to reveal such
a policy in the case of the Markovian system dynamics.

2. An inventory system in a maintenance centre

An inventory system in the maintenance centre of a manu-
facturing or transportation organisation is considered, where one
type of spare components (e.g. engines or control units of ma-
chines) is held in stock. Random nature of demand for components
is a typical feature of such a system.

2.1 The inventory system specification

The inventory level in stock is reviewed at regular points of
time (e.g. each month). After observing the current inventory
position a control decision on the replenishment order of spare
components is made. Time points, when the inventory position is
reviewed and a subsequent decision on the control action is taken,
are decision epochs. Time intervals between consecutive decision
epochs are so called review intervals or stages with the same dura-
tion of unit time. Stages are numbered by non-negative integers
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Etapy su Cislované nezapornymi celymi ¢islami Startujuc od 0,
ktora je pouZita pre pociatoénu etapu. Cas, kedy sa zagina proces
riadenia zasob, je 0. Rozhodnutia o velkosti dopliujucej objed-
navky sa teda v tomto jednopoloZzkovom zasobovacom systéme
s periodickou kontrolou vykonavaju v ekvidistanénych ¢asovych
bodoch 0, 1, 2, .... Predpoklada sa, Ze dodavka objednaného
mnoZstva sa prijima na sklad vo vel'mi kratkej oneskorovacej dobe
po objednavke. To je s uritou mierou idealizacie reprezentované
nulovou dodacou lehotou.

Systém ma konecny kladny skladovaci limit L vzhladom na
obmedzenu kapacitu skladu. Ak dopyt pocas intervalu kontroly
prevysi zasobu, ktora je k dispozicii na sklade, vznikne deficit. Pre
situacie nedostatku zasob sa uvazuje s koneénym nezapornym
limitom deficitu K. Ak aktualna uroven zasob je —K, odmietaju sa
nové poziadavky na nahradné komponenty. Stav zasob sa teda
moze pohybovat v ramci mnoZiny hodndt od —K po L. Zaporné
celé cisla zodpovedaju registrovanej velkosti deficitu. Registrovany
deficit zasob je vyplneny okamZite po prijati dodavky.

Ekonomické dosledky Cinnosti zasobovacieho systému sa
odrazaju v nakladoch vynalozenych pocas intervalov kontroly.
Predpoklada sa, Ze prislusné nakladové funkcie st ¢asovo homo-
génne. Zavisia od stavu zasob a nasledného riadiaceho zasahu
v aktualnom okamihu rozhodovania. O¢akava sa dlhodobé posobe-
nie systému v nemeniacich sa dopytovych a finanénych podmien-
kach. Proces riadenia zasob prebieha potom v ramci nekonecného
planovacieho horizontu.

2.2 Proces dopytu

Stredisko udrzby musi koordinovat troven zasob nahradnych
komponentov drzanych na sklade s nahodnym charakterom dopytu.
Poziadavky na nahradné komponenty prichadzaju do udrzbarskeho
strediska takym sposobom, Ze doby medzi prichodmi su nezavislé
a rovnako rozloZené nezdporné nahodné veliciny V, =V, k = 1,
2, ..., s exponencialnym rozdelenim pravdepodobnosti. Kazda
poZziadavka prichadzajuca do strediska udrzby je poziadavkou len
na presne jeden nahradny komponent. S pouzitim spolo¢nej distri-
buénej funkcie G(1) = PV <1} =PV, <t} =1—¢ ™ 1= 0,
k=12, ..., 0<A< o mozno lahko overit, Ze

PIV>1+z|V>1)=PV>z], V1i,z20. (1)

Rovnica (1) je matematickym vyjadrenim bezpaméatovej vlast-
nosti exponencialneho rozdelenia. Ak U = V' — t oznacuje zvysok
doby medzi prichodmi V, potom vlastnost (1) dava

PIU>z|V>1=PV>z), V1,220, )

To znamena, Ze zvysok (U) doby medzi prichodmi ma rovnaké
rozdelenie pravdepodobnosti ako samotna doba medzi prichodmi
(V) nezavisle od toho, kol'ko ¢asu (#) uz uplynulo od posledného
prichodu. Nahodna veli¢ina, ktora predstavuje Casovy interval
medzi okamihom rozhodovania a prvym prichodom dopytovej
poZiadavky po vybere rozhodnutia, ma teda exponencialne rozde-
lenie pravdepodobnosti so strednou hodnotou 1/A bez ohladu na

starting with 0 used for the initial stage. Time of the beginning of
the inventory control process is 0. Thus, decisions on the reple-
nishment order size are made at equidistant time points 0, 1, 2, ...
in this single-item periodic-review inventory system. The delivery
of the amount ordered is supposed to be received in stock in
a very short lead-time after the order. With some level of idealisa-
tion it is represented by a zero delivery lag.

The system has a finite positive storage limitation L due to the
limited capacity of the stock. If the demand in a review interval
exceeds the inventory of stock on hand, a shortage occurs. A finite
non-negative deficit limitation K is considered for the lack-of-
inventory situations. In case the current inventory position is —K,
new demand requirements for spare components are rejected.
Hence, the inventory position can range within the set of values
from —K to L. Negative integers correspond to the registered
amount of shortage. The registered inventory deficit is filled imme-
diately after the delivery receipt.

Economic consequences of the inventory system operation are
reflected in costs incurred during review intervals. The corres-
ponding cost functions are supposed to be time homogeneous.
They depend on the inventory position and the subsequent control
action at a current decision epoch. The system is expected to act
under unchanged demand and financial conditions for a long time.
The inventory control process then runs in an infinite planning
horizon scheme.

2.2 The demand process

The maintenance centre has to co-ordinate the inventory level of
spare components held in stock with the random nature of demand.
Requirements for spare components arrive into the maintenance
centre in such a manner that interarrival times are independent
and identically distributed non-negative random variables V, =V
k=1, 2, ..., with an exponential probability distribution. Each
requirement, arriving into the maintenance centre, is a requirement
for exactly one spare component only. Using the common proba-
bility distribution function G(r) = P[V =t} =PV, =t} =1—
—e M= 0k=12,...,0 <A< oo, it can be easily verified that

PIV>1+z|V>1)=PV>z], Vi,z20. 1)

Equation (1) is a mathematical representation of the memory-
less property of the exponential distribution. If U = V' — ¢ denotes
the rest of the interarrival time V, then the property (1) yields

PIU>z|V>1=PV>z), V1,220, )

It means that the rest (U) of the interarrival time has the same
probability distribution as the interarrival time (V) itself indepen-
dently on how much time (¢) has already elapsed since the last
arrival. Hence, a random variable representing the time interval
between a decision epoch and the first demand requirement arrival
after the decision choice has the exponential probability distribu-
tion with mean 1/A no matter whether the decision epoch coin-
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to, €i sa okamih rozhodovania kryje s ¢asom predoslého prichodu
alebo nie. Nech v kazdom intervale kontroly oznacuje Y, mnoz-
stvo ¢asu od zacCiatku intervalu kontroly do prichodu A-tej dopyto-
vej poZiadavky po okamihu rozhodovania. Veli€ina Y, je sutom
k nezavislych a rovnako rozlozenych exponencialnych nahodnych
veli€in, ¢o indukuje k-Erlangovo rozdelenie u ndhodnej veliciny Y.
Zodpovedajuca distribuéna funkcia G, a hustota pravdepodobnosti
g, su dané vztahmi

k=1 )
Gy=1-> ™ . .')
i=0 L

11
Pretoze Gy(1) = [ g(u)du, 1=0, k=1, 2, ..., plati pre
0

k-Erlangovo rozdelenie nasledujuca identita:

gk([) _ )\ef)" ()\[)k71
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cides with a previous arrival time or not. Let, in each review inter-
val, Y, denote the amount of time from the beginning of the review
interval to the k-th demand requirement arrival after the decision
epoch. The quantity Y, is a sum of k independent and identically
distributed exponential random variables, which induces an Erlang-
k distribution for the random variable Y. The corresponding
probability distribution function G, and the probability density
function g, are stated by

, A>0,t=0,k=1,2, ... (3)

(k—1)!

As G (1) = ft gwdu, t=0, k=1, 2, ..., the following
0

identity holds for the Erlang-k distribution:

’ (/\u)k_l k—1 ()\Z)/
e M—"——du=1- M =0,k=12, ... 4
Jo C k=™ ,;)e F )

Aby sme nasli rozdelenie pravdepodobnosti pre vel'kost dopytu
v jednotlivych intervaloch kontroly, vyuZijeme pojem procesu
obnovy.

Nech V, = 0. Ak [V, k = 1, 2, ...} je postupnost nezavislych
a rovnako rozlozenych nezapornych nahodnych veli¢in, potom
pocitaci proces {N(¢), t = 0} taky, Ze

N1) = sup{n nef0,1,..

je procesom obnovy. Nahodna veli¢ina V) oznacuje dobu medzi

vyskytom (k—1)-vej a k-tej obnovy, k = 1, 2, ..., kde §tart procesu

v Case 0 sa interpretuje ako 0-ta (t. j. neprava) obnova. Nahodna

veli¢ina N(r) predstavuje pocet obnov do Casu ¢, ¢iZze N(¢) pocita

vyskyty obnovy v ¢asovom intervale <O, t>. Cas vyskytu k-tej obnovy
k

ja dany nahodnou veli¢inou S, = Z Viok=

i=1

1,2, ..

Ked'Ze casové intervaly medzi po sebe nasledujucimi prichodmi
dopytovych poziadaviek na nahradné komponenty v udrzbarskom
stredisku su nezavislé a rovnako rozloZzené nezaporné nahodné
veli¢iny V,, k = 1, 2, ..., s exponencidlnym rozdelenim so strednou
hodnotou 1/A, mozno kazdy prichod povazovat za vyskyt obnovy.
Cas S, =V, + V, + + ... + V, kteho prichodu ma k-Erlangovo
rozdelenie so strednou hodnotou /A, ktorého distribuéna funkcia
PS,=t]=GJ(r)jeur€enav (3)pret=0ak =12, .... Nech
V, je identicky rovné nule. Nahodna veli¢ina N(7), vyhovujuca
rovnici (5), predstavuje pocet prichodov do Casu 7. Nech S, = 0
a Gy(t) =P[Sy= 1}, t=0.Potom Gy(t) =P[0=1}]=1,1t=0.
Uvedomiac si, Ze

NOH=ke S, =<t

mozno odvodif pravdepodobnostnu funkciu pre pocet N(¢) nahrad-
nych komponentov poZadovanych do ¢asu ¢ takto:

To find the probability distribution for the size of demand in
particular review intervals, we use a concept of the renewal process.

Let V, =0.1If{V,, k = 1,2, ...] be a sequence of independent
and identically distributed non-negative random variables, then
the counting process {N(z), = 0} such that

1D Ve=tg =0,
k=0

is a renewal process. The random variable V, denotes the intero-
ccurrence time between the (k—1)-st and k-th renewal, £k = 1, 2,
..., where the start of the process at time 0 is interpreted as the
0-th (i.e. dummy) renewal. The random variable N(7) represents
the number of renewals up to time 7; i.e. N(¢) counts renewal occur-
rences in the time interval (0, t>. The kth renewal occurrence

(%)

k
time is given by the random variable S, = Z Viok=1,2,...
i=1

As time intervals between consecutive arrivals of demand
requirements for spare components in the maintenance centre are
independent and identically distributed non-negative random vari-
ables V,, k = 1, 2, ..., with the exponential distribution with mean
1/A, each arrival can be regarded as a renewal occurrence. The time
S, =V, +V,+ ..+ V, of the k-th arrival has the Erlang-k
distribution with mean k/A, whose probability distribution function
P[S, =t} = G,(1) is specified by (3) fort=0and k=1, 2, ....
Let ¥, be identically equal to zero. The random variable N(7) satis-
fying equation (5) represents the number of arrivals up to time .
Let Sy =0and Gy(1) = P{Sy =1},t = 0. Then Gy(r) = P[0 =1} =
= 1, ¢t = 0. Noting that

t=0,k=0,1,2, ..,

the probability mass function for the number N(¢) of spare compo-
nents that have been required up to time ¢ can be derived as follows

(A*

PING) =k} = PIN(t) =k} = PINO) = k + 1} = P[S, <1} — P[S;s, =11 = G,()) — G, (1) = e ™ g k=0L2.=0. ()
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To dokazuje, Ze nahodna veli¢ina N(¢) ma Poissonovo rozde-
lenie so strednou hodnotou Az, £ = 0, A > 0. Nahodny proces pri-
chodov dopytovych poziadaviek do udrzbarskeho strediska je teda
Poissonovym procesom {N(¢), t = 0} s intenzitou A nahradnych
komponentov za jednotku Casu, ¢o je Specidlny pripad procesu
obnovy.

Poissonov proces sa regeneruje v Iubovolnom bode casu.
TakzZe pre [ubovolné pevné s = 0 je proces [N'(7), t = s} sN'(¢) =
= N(t) — N(s) pravdepodobnostnou kopiou procesu {N(¢), t = 0}.
Pocet prichodov od ¢asu s do ¢asu t ma teda rovnaké rozdelenie
pravdepodobnosti ako pocet prichodov od ¢asu 0 do Casu ¢t — s
bez akejkolvek zavislosti od vyvoja procesu od Startu v ¢ase 0 do
Casu s. Podrobnosti pozri v dodatku na konci ¢lanku.

Nech Z, oznacuje velkost dopytu v intervale kontroly medzi
Casmitar+ 1, kde t€{0, 1, ...}. Z regenerativnej vlastnosti Pois-
sonovho procesu vyplyva, Ze veliCiny Z,, pohybujice sa v ramci
mnoZiny hodnot Z = {0, 1, ...}, st nezavislé a rovnako rozloZené
nahodné veli¢iny so spolo¢nou pravdepodobnostnou funkciou:

q(k) = P{Z,= k} = P[N(t + 1) — N(t) = k} = PIN(1) = k} = ef)‘)\—

Aplikovanim rovnice (A4) zaloZenej na rovnici (A3) z dodatku
¢lanku je odovodnené pouzitie vztahu P{N(¢t + 1) — N(t) = k} =
= P[N(1) =k}pre kEZat=0, 1, ... v(7). Rovnica (7) odraza
stacionarny charakter procesu dopytu v uvazovanom zasobovacom
systéme.

Vzhladom na vzajomnu nezavislost nahodnych veli¢in Z,,
reprezentujucich dopyty v intervaloch kontroly, determinuje prav-
depodobnostné zakony vyvoja systému markovovska vlastnost.
Finanény vysledok spravania systému sa meria strednou hodno-
tou dlhodobych priemernych nakladov za jednotku ¢asu. Sustava
pravidiel pre postupné rozhodnutia o dopliujucich objednavkach
tvori stratégiu riadenia zasob s periodickou kontrolou. Pre najde-
nie ekonomicky efektivnych riadiacich pravidiel je potrebné zosta-
vit prislusny Markovov rozhodovaci model s diskrétnym casom.

3. Zodpovedajici Markov rozhodovaci model
riadenia zasob

Rozhodovaci model markovovského typu je zostaveny, ak si
definované stavové a riadiace premenné, $pecifikovany je stavovy
priestor a priestor riadeni, uréené su pravdepodobnosti prechodu
a funkcia (strednej hodnoty) nakladov a formulované je kritérium
optimality.

Casova mnozina T systému je mnoZina

¢o zodpoveda mnozine okamihov rozhodovania, ako aj mnozine
etap, t. j. mnoZine poradovych Cisel intervalov kontroly. Pre kazdé
tETje etapa ¢ intervalom kontroly medzi okamihmi rozhodovania
tat+ 1, ktory sa oznacuje ako #ty interval kontroly.

This verifies that the random variable N(¢) has the Poisson
distribution with mean Az, = 0, A > 0. Hence, the random process
of demand requirement arrivals into the maintenance centre is the
Poisson process {N(¢), ¢t = 0} with rate A spare components per
unit time, which is a special case of a renewal process.

The Poisson process regenerates itself at any point in time.
Thus, for arbitrary fixed s = 0 the process {N'(7), t = s} with
N'(1) = N(t) — N(s) is a probabilistic replica of the process {N(?),
t = 0}. That is, the number of arrivals from time s to time 7 has the
same probability distribution as the number of arrivals from time
0 to time ¢ — s without any dependence on the process evolution
since the start at time 0 till time s. See an appendix at the end of
the paper for details.

Let Z, denote the demand size in the review interval between
times 7 and ¢ + 1, where t€{0, 1, ...}. The regenerative property
of the Poisson process implies that the quantities Z,, ranging within
the set of values Z = {0, 1, ...}, are independent and identically
distributed random variables with the common probability mass
function:

k
a keZ=10,1,...},t€{0, 1, ...}. @)

An application of equation (A4) based on equation (A3) from
the appendix of the paper justifies the use of the relation P{N(z +
+ 1) — N1) =k} = PIN(1) = k}fork€EZandt =0, 1, ... in (7).
Equation (7) reflects the stationary nature of the demand process
in the inventory system under consideration.

Because of mutual independence of the random variables Z,,
representing demands in review intervals, the Markovian property
underlies probabilistic laws of the system motion. The financial
outcome of the system behaviour is measured by the long-run
expected average cost per unit time. The set of rules for sequential
decisions on replenishment orders constitutes a periodic-review
inventory control policy. To find cost-effective control rules, the
corresponding discrete-time Markov decision model must be built.

3. The corresponding Markov decision model of
inventory control

The decision model of a Markovian type is built up when the
state and action variables are defined, the state and action spaces
are specified, the transition probabilities and the (expected) cost
function are determined and the criterion of interest is formulat-
ed.

The time set T of the system is the set
T=1{0,1,...},
which corresponds to the set of decision epochs as well as to the
set of stages, i.e. to the set of ordinal numbers of review intervals.

For each €T the stage ¢ is the review interval between decision
epochs 7 and ¢ + 1 referred to as the #th review interval.
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Stav X, systému v okamihu rozhodovania t €T je uroven zasob
na sklade v Case tET, t. j. poCet nahradnych komponentov na
sklade k dispozicii v ¢ase (kontroly) ¢ pred prijatim rozhodnutia
o dopliujucej objednavke. Zaporné hodnoty stavu indikuju nedo-
statok zasob. TakZe, ak je X, < 0, potom |X,| predstavuje velkost
registrovaného deficitu zasob v ¢ase 7. Vzhladom na limit deficitu
K a skladovaci limit L je stavovy priestor X systému reprezento-
vany mnozinou

X={-K -K+1,...,L}.

Riadenim g, je mnoZstvo nahradnych komponentov objedna-
nych podla rozhodnutia vybraného v ¢ase tET. Velkost dodavky
musi byt postacujuca na vykrytie registrovanej velkosti deficitu
zistenej v okamihu kontroly (ak deficit existuje) a nesmie sposobit
prekrocenie skladovacieho limitu v Grovni zasob. Mnozina A(i)
pripustnych riadeni v stave /€X zohladnuje tieto poziadavky, co
zodpoveda vztahu:

A(l_):{{|i|,|i| + 1| + LY,

{0,1,...L—1i},

Priestor riadeni 4 je zjednotenim A(i), i€X, takze
A=1{0,1,...,L+K].

Sumarizujuc zavedené oznacenie:

X, - stav systému v ¢ase €T, t. j. uroven zasob v case tET,

a, - riadenie v Case t€T, t. j. velkost dopliujucej objednavky
v Case €T,

Z, - (nahodna) velkost dopytu v +tom intervale kontroly medzi
Casmirat+1,t€T,

K - limit deficitu (0 = K < »),

L - skladovaci limit (0 < L < o),

Z - mnoZina hodndt ndhodnych veli¢in Z,, Z = {0, 1, ...},

mozno $pecifikovat prechodovii dynamiku vyvoja systému. Systém
sa sprava v sulade s prechodovou rovnicou:
X1+1 = max[X, + a4

Pravdepodobnostné zakony vyvoja systému st stanovené (sta-
cionarnymi jednokrokovymi) pravdepodobnostami prechodu:

r

pGij, @) =p, (@) = P, =j| X, = i,a, = a] = 4

0,

.

q(i +a —j)=e "
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The state X, of the system at decision epoch tET is the inven-
tory position at time tE7, i.e. the number of spare components in
stock on hand at (review) time ¢ before taking a decision on the
replenishment order. Negative values of the state indicate the lack
of inventory. Thus, if X, < 0 then |X,| represents the registered
inventory deficit size at time ¢. Due to the deficit limitation K and
the storage limitation L the state space X of the system is repre-
sented by the set

X=[{-K -K+1,..,L]}.

The action g, is the amount of spare components ordered
according to the decision chosen at time r&T. The delivery size
must be sufficient to fill the registered shortage quantity (if any)
recognised at the review time and must not cause the inventory
position to exceed the storage limitation. Hence, the set 4(i) of
feasible actions in state /€X follows these requirements, which
corresponds to:

i€[—K, —K+1, ..., —1],
i€fo, 1, ..., L}.

The action space A4 is the union of A(i), i€X, therefore

(®)

A=10,1,...L+K].

Summarising the notation introduced:

X, - the system state at time tE7, i.e. the inventory position at
time tE€T,

a, - the action at time €7, i.e. the size of a replenishment order
at time t€T,

Z, - the (random) demand size in the #th review interval between
timeszand t +1, t€T,

K - the deficit limitation (0 = K < ),

L - the storage limitation (0 < L < o),

Z - the set of values of random variables Z,, Z = {0, 1, ...},

the transition dynamics of the system motion can be specified.
The system behaves in compliance with the transition equation:

~ 7, —K} =X, +a,— min{Z,, X, + a, + K}, tET. )

The probabilistic laws of system motion are stated by (statio-
nary one-step) transition probabilities:

© i+ta+K—1 )\k
> oty =1-¢* ~.j=-K
k=ita+K =0 K
i+a—j

ﬁ, je{*K‘F 1, *K+2,...,[+a],(10)
ITa—J)

jElita+li+a+2, ..,L}

a€A(i), ieEX={-K, —-K+1,..., L}, t€T.

Cinnost zasobovacieho systému ma svoje ekonomické dosled-
ky. Stacionarna nakladova funkcia c(i, @) vyjadruje naklady vyna-

Operation of the inventory system has its economic conse-
quences. A stationary cost function c(i, a) expresses the cost incur-
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loZené pocas intervalu kontroly, ked' stav systému v okamihu roz-
hodovania na zaciatku intervalu kontroly je i a nasledné riadenie
je a. Dopytovo-zasobovacie naklady c(i, a) pozostavaji zo suctu
funkcie objednavacich nakladov D(i, a), funkcie skladovacich
nakladov S(i, a), funkcie nakladov deficitu N(i, a) a funkcie nakla-
dov odmietnutia B(i, a). Zodpovedajice ndhodné veli¢iny C, =
=X, a). D, = DX, a), S, = S(X,, a), N, = NX,, a), B, =
= B(X,, a,) predstavuju nakladovu Strukturu v #tom intervale kon-
troly, tET. Veli¢ina c(i, @) mdzZe byt nahodnou veli¢inou, aj ked
je Specifikovany aktualny stav a nasledné riadenie. Jednoznacna
kvantifikacia ekonomickych dosledkov Cinnosti systému pocas
intervalu kontroly je potom dana funkciou strednej hodnoty (dopy-
tovo-zasobovacich) nakladov c(i, a):

c(i,a) = E[C,|X, =i,a,=al]l = Elc(X,, a,) |X, =1

red during a review interval, when the system state at the decision
epoch at the beginning of the review interval is / and the subse-
quent action is a. The demand-inventory cost c(i, @) consists of the
sum of the ordering cost function D(i, a), the holding cost func-
tion S(i, a), the shortage cost function N(i, a), and the rejection
cost function B(i, a). The corresponding random variables C, =
= c(X,, a,), D, = D(X,, a,), S, = S(X,, a), N, = N(X,, a,), B, =
= B(X,, a,) represent the cost structure in the #th review interval,
tET. The quantity c(i, @) may be a random variable although the
current state and the subsequent action are specified. Unequivo-
cal quantification of the economic consequences of the system
operation during a review interval is then given by the expected
(demand-inventory) cost function ¢ (i, a):

a,=al = EID(X,, a) + S(X,, a)) + N(X,, a) + B(X,, a) | X, = i,a,= a] =

= E[D(X,, a)|X, = i, a,= a]l + E[SX,, a) | X, = i, a,= a] + E[N(X,, a)| X, = i, a,= a] + E[B(X,, a)|X, = i, a,= a] = (11)

=D(i, a) + S, a) + N(i, a) + B(i, a), a€A(), i€EX, tET.

Funkcia strednej hodnoty objednavacich alebo dodavacich
nakladov D(i, a) odraza ocakavané naklady spojené s podanim
objednavky. Pozostava z nakupnych nakladov a nakladov dodavky
s moznostou mnozstevnej zlavy.

D(i,a) = EID(X,, a) | X, = i,a,=a] =

The expected ordering or delivery cost function D(i, a) re-
flects the expected expenses associated with a placement of an
order. It consists of the purchasing cost and the delivery expense
with a quantity discount possibility.

0, a=0,
ca+ b, 0<a<M,
(1 =PB)a+b, a=M,

(12)

a€A(), iEX, teT.

Cenovy koeficient ¢ je nakupna cena za komponent a b su fixné
(nastavovacie) naklady platené za dodavku (ak je nejaka). Ak sa
objedna aspon M nahradnych komponentov, uplatni sa mnoz-
stevna zlava vo forme 1008 %-mnej cenovej modifikacie, kde

BE(0,1) je diskontny faktor.

Funkcia strednej hodnoty skladovacich alebo uchovavacich
nakladov S(i, a) vyjadruje ocakavané ndklady na skladovanie
nahradnych komponentov v sklade pocas intervalu kontroly o dizke
jednej Casovej jednotky. Nech x(u) oznaCuje stav systému, t. j.
uroven zdsob, v Case u po aktudlnom okamihu rozhodovania, Y,
predstavuje Cas prichodu k-tej dopytovej poZiadavky merany od
vyberu aktualneho rozhodnutia a s su naklady na skladovanie
jedného komponentu pocas jednotky casu. Kedze sa predpoklada
okamzita dodavka, je v kazdom okamihu rozhodovania tET stav
z4sob na sklade (v ¢ase 0 po prijati rozhodnutia) x(0) = X, + a,.
Mame:

S, a) = E[S(X,, a) | X, = i, a,= a]

i+a

k=1

X, ta, i+a
=E[s 2 min{1, ¥,}| X, = i, a,= a} = E[s > min(l, Yk]} =5 > E[min[l, V],
k=1 k=1

:E[s JOI max{0, x(u)}du |X, =ia= a:| = E[s z

The cost coefficient ¢ is a purchasing cost per component and
b is a fixed (setup) cost paid for delivery (if any). If at least M
spare components are ordered, a quantity discount in the form of
10083 % price break is applied, where BE(:O,I) is the discount
factor.

The expected holding or storage cost function S(i, ) express-
es the expected expenses for holding spare components in stock
during a review interval of a time unit length. Let x(u) denote the
state of the system, i.e. the inventory position, at time u after the
current decision epoch, Y, represent the k-th demand requirement
arrival time measured since the current decision choice, and s be
the cost incurred per component held in stock per unit time. As
instantaneous delivery of order is assumed, at any decision epoch
tET the inventory position (at time 0 after the decision take) is
x(0) = X, + a,. We have:

X ta,
Wk|X,=i,a,=a =

k=1

(13)

a€A(), i€X, tET.
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Rovnica (13) vyplyva z toho, Ze na oblast, ktoru predstavuje
urcity integral v (13), sa mozno divat ako na riadkovii oblast miesto
tradicnej stipcovej reprezentacie, o vedie k suctu nahodnych
veli¢in W, = min{1, Y} v rovnici (13). PouZit4 je konvencia, Ze
sucet ¢lenov sa rovna nule, ak horna hranica sumacného indexu
je mensSia nez dolna hranica. Aplikaciou vety o uplnej strednej
hodnote a vyuZitim (erlangovskej) identity (4) spolu s ozna¢enim
(7) pre pravdepodobnosti dopytu moZeme odvodit pre funkciu
strednej hodnoty skladovacich nakladov S(i, a), Ze:

i+a i+a

KOMNIKOCIe
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Equation (13) follows, since the area represented by the defi-
nite integral in (13) may by regarded in a row-like way instead of
a traditional column-like way, which leads to the sum of random
variables W), = min{l, Y,} in equation (13). The convention is
employed that the sum of terms equals zero if upper limit for sum-
mation index is less than lower limit. Applying the law of total
expectation and utilising the (Erlangian) identity (4) together with
notation (7) for demand probabilities, we can derive for the expect-
ed holding cost function S(i, ) that:

i+a

53, a) —sz f E[min{1, Y} | Y, = u]gk(u)du—sz f min(1, ulg,(u)du —sZ[f ug (u)du + f gk(u)du}

ita

3 k 1)
- E[Ajo K

k=1

1 )\ k—1
e Mdu+ 1 *j Quy”
o (k— 1)

ita k )\/’ k—1 )t/
Ae™™M dy _SZ Z e+ D> e =
j=0 J Jj=0 g

(14)

—s’f[ ( Zqo))+2qm]—sf[ [l—q(k)]+<1—§)24(i)}

a€A(), i€X, tET.

Funkcia strednej hodnoty nakladov deficitu alebo nedostatku
N(i, @) odraza ocakavané vydaje vynalozené, ked' nastane deficit
zasob. Cenovy koeficient v su pokutové naklady na chybajuci kom-
ponent z dovodu nedostatku zasob. Mo6zu reprezentovat naklady
spojené s prerusenim produkcie, ktoré je vyvolané nedostatkom
nahradnych komponentov. Po zavedeni funkcie O(i, a, k) predpi-
som

0,

k—(i+a),
K,

0G, a, k)=

The expected shortage or non-availability cost function N(i, a)
reflects the expected expenses incurred when an inventory deficit
occurs. The cost coefficient v is a penalty cost per missing com-
ponent due to the lack of inventory. It may represent the cost asso-
ciated with a break of the production forced by the shortage of
spare components. Introducing a function O(i, a, k) by:

k=i+a,
ita+1=k=i+a+K,
k=i+a+K+1,

(15)

i€EX, a€A(i) C A, kEZ,

predstavuje nahodna veli¢ina O, = O(X,, a,, Z,) velkost registro-
vaného deficitu zasob pocas etapy t€T, ktory bol akceptovany
v udrzbarskom stredisku medzi okamihmi rozhodovaniara ¢ + 1.
Potom uréime N(i, a) takto:

the random variable O, = O(X,, a,, Z,) represents the size of the
registered inventory deficit during stage r&7, which has been
accepted in the maintenance centre between decision epochs ¢
and 7 + 1. Then we specify N(i, ) as follows:

NG, a) = E[N(X,, a,) |X, =i,a,=al = EVOX,, a, Z,) |X, =ia=a] =
= > EWOX,,a, Z)|Z, = k. X,=i,a=alP{Z,= k|X,= i, a,=a) = Z EvO(i, a, k)|P{Z, = k} =
k=0
w i+atk w (16)
=> 000, a. bk =y > (k—i—agk)+K > qk)|=
k=0 k=i+a+1 k=i+a+K+1
i+a+K i+a+K i+a+K
=y > k) —(G+a) > q)+K[1-> qk)]].
k=i+a+1 k=i+a+1 k=0
a€A(i), i€X, tT.
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Funkcia strednej hodnoty nakladov deficitu N(i, a) sa niekedy
moze uvazovat v tvare, kde sa pouZiva cenovy koeficient y na vyjad-
renie nakladov vynaloZenych za chybajici komponent pocas jednot-
ky Casu v situacii vyCerpania zasob. Na odvodenie funkcie strednej
hodnoty nakladov deficitu N(i, @) pre takuto modifikaciu nakla-
dov deficitu pouzijeme rovnaké nahodné veliciny x(«) a Y, ako v pri-
pade funkcie strednej hodnoty skladovacich nakladov. Poznamena-
vame, zZe uroven zasob x(u) v ase u (ktory sa meria od aktualneho
okamihu rozhodovania €7, ked u = 0) musi spifiat obmedzenie
—K = x(u) = L pre u = 0. Potom mame pre a€A(i), i€X, tET:

The expected shortage cost function N(i, a) can sometimes be
considered in the form, where a cost coefficient y is employed to
express the cost incurred per unit time per missing component in
running-out-of-stock situation. To derive the expected shortage
cost function N(i, ) for such a modification of deficit expenses,
we use the same random variables x(«) and Y, as in the expected
holding cost function case. We remark that the inventory position
x(u) at time u (which is measured from the current decision epoch
t€T, when u = 0) must satisfy the constraint —K =< x(u) = L for
u = 0. Then we have for a€A(i), i€EX, tET:

N(i,a) = EINX,, a) | X, =i, a=a] = E[y fol — min{0, x(u)}du | X, = i, a,= a} =

Xyta+K
=E|y Z (1 —min(L, Y,))| X, = i, a,

k=X+a+1
i+at+K

=y S

k=ita+1"0

1 1
[JO gk(u)du*fo ugk(u)du]

Po substitucii prislusnych vyrazov z (3) za G,(1) a G, (1)
v (17) obdrzime:

ita+K

=y >

k=i+a+1

:a}:E[y N (1mm{1,Yk})}=
k=ita+1

[ Bt = min{L, ;)| ¥, = ulgwydu =y >

ita+K

an
ita+K

f:[l — min{1, u}]g(u)du =

k=it+a+1

i+a+K

=y S

k
[Gk(l) - Gk+1(1)] :
k=ita+1

After substituting the corresponding expressions from (3) for
G,(1) and G, (1) in (17) we obtain:

_ i+a+K k—1 k k
N(i,a) = EINX, a)|X,=i,a=al =y > {1 - > q0) - ;[1 - zqw]} =
=0 =0

k=it+a+1

i+a+K

.

k k—1 ] k o
=K+ T 240~ (= qk) |, a€AG), I€X 1ET.
k=ita+1 Jj=0

Funkcia strednej hodnoty nakladov odmietnutia alebo vratenia
nazad B(i, a) reprezentuje ocakavané vydaje tykajlice sa situacii,
ked dopytova poziadavka je odmietnuta v dosledku prekrocenia
limitu deficitu. Cenovy koeficient r st pokutové naklady za chy-
bajuci komponent pozadovany v pripade zamietnutia akceptacie
dopytu. Mo6zu zodpovedat nakladom platenym za mimoriadnu
dodavku chybajuceho komponentu (ak prevysujici dopyt mozno
poslat nazad - ako ignorovany udrzbarskym strediskom - len for-
malne). Zistime, Ze:

(18)

The expected rejection or back-sending cost function B(i, a)
represents the expected expenses concerning situations, when
a demand requirement is rejected because of a deficit limitation
overrun. The cost coefficient 7 is a penalty cost incurred per missing
component required in the case of the demand acceptance disap-
proval. It can correspond with the cost paid for an extraordinary
delivery of a missing component (if demand in excess may be sent
back - as ignored by the maintenance centre - only formally). We
find:

B(i,a) = E[B(X,, a,) | X, = i, a,= a] = E[rmax[0, Z, — (X, + a, + K)}| X, = i, a,= a] =

8

=" Elrmax{0,Z, — X, — a,— K}| Z, = k, X,
k=0

8

k

= E[rmax[O,k—i—a—K]]P{Z,zk}zr{
0

=1ia=alPlZ = k|X, =ia=al=

(19)
o i+a+K
> kq(k)—(i+a+10[1 -> q(k>]}=
k=ita+K+1 k=0

i+a+K—1
—r1A+(i+a+K—A) > q(k)—(i+a+K)[1—q(i+a+K)]}, a€A(), i€X, tET.

k=0

Riadeny nahodny proces {X,, tET} s pravdepodobnostami pre-
chodu (10) je Markovov rozhodovaci proces s diskrétnym ¢asom
spifajuci formulaciu markovovskej vlastnosti:

PX, 1 :jl/\,z =ha=u,X_ ) =i, =y, ...

V€T, VY jii_y..

win 0€X, Y u,u,_y, ..

The controlled stochastic process {X,, t€T} with transition
probabilities (10) is a discrete-time Markov decision process satis-
fying the Markovian property formulation:

s Xo = dgs ag = up} = PlX,44 :./'|Xz =ia,=u},
(20)
LUy, UGEA.
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Predpis na vyber riadenia v kazdom stave v nejakom okamihu
rozhodovania je riadiace pravidlo. Nech d, oznacuje riadiace pra-
vidlo na prijimanie riadeni v okamihu rozhodovania tET. Postup-
nost 6 = {d,},er tvori stratégiu (t. j. stratégiu riadenia). Stratégia
je eventualitny plan, ktory predpisuje prislusné riadenie pre kazdy
stav systému v fubovolnom okamihu rozhodovania poc¢as plano-
vacieho horizontu. Stratégia & zloZena z rozhodovacich funkcii
d,: X — A, tE€T, sa nazyva Markovova stratégia.

Vzhladom na markovovsku vlastnost (20) a stacionarny cha-
rakter spravania systému je opodstatnené pouzit v uvazovanom
zasobovacom systéme s periodickou kontrolou stacionarnu Mar-
kovovu stratégiu riadenia

8=1d)i o d,=d V¥
pre sekvencné rozhodovanie o dopliujicich objednavkach pocas
nekonecného planovacieho horizontu. Na oznacenie stacionarnej
Markovovej stratégie sa ¢asto pouziva symbol d miesto 6.

Ekonomické dosledky uplatnenia stratégie vyjadruje kritérium
optimality v tvare strednej hodnoty priemernych nakladov za jed-
notku casu pri dlhodobom pdsobeni systému. Hodnota kritéria je
pre pociatocny stav /EX a stacionarnu Markovovu stratégiu ¢ dana
rovnicou:

n—1

2.

dy; : 1
A(i) = lim E|—
n—o | n
Hodnotu veliciny A%(i) zodpovedajucu stratégii d mozno ziskat
z (22) takto:

n—1

D e,

=0

ay = tim El L
A%(i) =lim E
n—o | n

Z

= 11m
=54

Z{ZE[C( La) | X, =j a, = dDIPIX, = j| Xo = i, d]} =
eX

1

{nz e, d())p}(d)

0

o1
= lim nz

%N iex|: }

= Z{co d(j)) lim [ Z P0(d)

JEX

kde limitné pravdepodobnosti:

n—1

e (])—llm —ZP[X il Xo

su limitami zkrokovych pravdepodobnosti prechodu p(’) (d) =
= PlX, = |X0 = i, d} v zmysle Cesara, ked  konverguje do neko-
necna a pouZiva sa stacionarna Markovova stratégia d. Ak existuju
obycajné 11m1ty 11m p(’)(d), potom sa limity v zmysle Cesara s nimi
zhoduju.

Limitné pravdepodobnosti nezavisia od poc€iatoéného stavu
v pripade, ze Markovov retazec indukovany stratégiou d nema viac
nez jednu uzavretu triedu stavov, z ktorej nie je mozny Ziadny unik

X.a)| Xy =i, d}, i€X, a,=d(X),t€T.

{ZE[c(X,, a)|X,=j Xy =i, d\PIX, = j| X, = i, d)
J
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A prescription for selecting an action in each state at some
decision epoch is the control rule. Let ¢, denote a control rule for
taking actions at decision epoch tET. The sequence 6 = [d,},cr
constitutes a policy (i.e. a control policy). The policy is a contin-
gency plan prescribing an appropriate action for each system state
at any decision epoch over the planning horizon. The policy &
consisted of decision functions d, : X — A4, tE€T, is referred to as
a Markov policy.

Due to the Markovian property (20) and the stationary nature
of the system behaviour a stationary Markov policy

t€T=10, 1, ...],

d:X—4, (1)
is justified to be applied for sequential decision making on reple-
nishment orders over the infinite planning horizon in the periodic-
review inventory system under consideration. The symbol d is

often used to denote the stationary Markov policy instead of 6.

Economic consequences of the policy application are express-
ed by the criterion of interest in the form of the long-run expected
average cost per unit time. The criterion value is stated for an
initial state /€ X and a stationary Markov policy d by the equation:

(22)

The value of the quantity A%(i) corresponding to the policy d
can be obtained from (22) as follows:

. 1 .
ca)| Xy =i d|=lim - ZOE[C(X,, a)|Xo=1i,dl =
=

}:

(23)
= lim_ Z{co d(j)) — Zp“’ (d)} =
H Zc(z, d())m (j) = g iEX,
| where the limiting probabilities:
= i,d} = lim —me(d) i, jEX, (24)

are the Cesaro limits of #step transition probabilities p(’) (d) =
=PlX, = |)(O = [, d}, when t approaches infinity and a stationary
Markov policy d is employed. If the ordinary limits hm p(’) (d)
exist, then the Cesaro limits coincide with them.

Limiting probabilities are independent of the initial state in
case the Markov chain induced by the policy ¢ has no more than
one closed class of states, from which no escape is possible. Then
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von. Potom 7 (j) = w(j) pre vietky i, jEX, kde w%(j) =
1 n—1

= lim — Z p,("j-(d) je limita #krokovych pravdepodobnosti pre-
n=e N i=o

chodu do stavu jEX v zmysle Cesara (bez zavislosti od pociatoc-
ného stavu /). Okamzity dosledok je, Ze kriterialna hodnota 4%(i)
je rovnaka pre vsetky pociatocné stavy i€X, ak stratégia d indu-
kuje Markovov retazec, ktory nema Ziadne dve disjunktné uzav-
reté triedy stavov. Stratégia d je potom charakterizovana tym, ze:

A% =D (. dG)T() =g V¥ iEX. (25)
JEX

Nech

A*(i) = min A°(), I€X. (26)

Stacionarna Markova stratégia d* sa nazyva optimalna, ak

AT = A*(), Y iEX. 27

Na urcenie optimalnych stacionarnych Markovovych stratégii
poskytuje teoria Markovovych rozhodovacich procesov efektivne
prostriedky [1], [2], akymi su metdda iteracie podla stratégie,
metoda iteracie podla hodnoty, ¢i formulacie prostrednictvom
linearneho programovania.

Optimalna stratégia d* je optimalnou stratégiou riadenia zasob.
Predpisuje najvhodnejsiu vel'kost dopliujucej objednavky pre kazdu
moznu aktualnu uroven zasob, ktora sa zisti v [ubovol nom okamihu
rozhodovania. Aplikacia stratégie d* pocas nekonecného plano-
vacieho horizontu vedie k vynalozeniu minimalnej strednej hodnoty
dlhodobych priemernych nakladov za jednotku ¢asu. Tym su odha-
lené riadiace pravidla pre ekonomicky efektivne dynamické riade-
nie operacii v podmienkach rizika v zasovobacom systéme s perio-
dickou kontrolou.

Pristup zaloZeny na Markovovych rozhodovacich modeloch
mozno pouzif na rieSenie optimalizacnych problémov v riadeni
z4sob s periodickou kontrolou vZdy, ked je splnena markovovska
vlastnost. Ak sa proces dopytu lisi od Poissonovho vstupného
prudu, avsak mnoZstva dopytu v intervaloch kontroly nasleduju-
cich po sebe st navzajom nezavislé nahodné veliiny, je riadeny
vyvoj zasobovacieho systému reprezentovany Markovovym rozho-
dovacim procesom s diskrétnym ¢asom. V [3] mozno najst Mar-
kovove rozhodovacie modely riadenia zasob s diskrétnym Casom
a nekoneCnym horizontom pre tri varianty jednopolozkového
zasobovacieho systému s periodickou kontrolou, kde velkosti
dopytu v intervaloch kontroly st nezavislé¢ a rovnako rozloZené
diskrétne nahodné veli¢iny s kone€nou mnozinou ich moznych
hodnét.

4. Dodatok: Regenerativna vlastnost
Poissonovho procesu

Poissonov proces je proces obnovy {N(), t = 0}, kde doby V,
k=1, 2, ..., medzi po sebe nasledujicimi vyskytmi obnov su
nezavislé a rovnako rozloZené exponencialne nahodné veliCiny. Pocet
N(t) obnov do Casu ¢ je nahodna veli¢ina s Poissonovou pravde-
podobnostnou funkciou:

n—1
7 (j) = w(j) for all i, JEX, where 7%(j) 2“2&% Z p(d) is the
=0
Cesaro limit of #step transition probabilities into the state jEX
(without dependence on the initial state /). The immediate conse-
quence is that the criterion value 4%(i) is the same for all initial
states i €X, if the policy d induces a Markov chain with no two dis-
joint closed classes of states. The policy d is then characterised by:

Ay =D e, do)Ti() = ¢’ V iEX. (25)
JEX

Let

A*(i) = min A%, i€X. (26)

A stationary Markov policy d* is said to be optimal if

AT = A*(), VY iEX. 27

Efficient methods as policy iteration, value iteration or linear
programming formulations are available [1], [2] in the theory of
Markov decision processes to determine optimal stationary Markov
policies.

Optimal policy d* is the optimal inventory control policy. It
prescribes the most appropriate value of the replenishment order
size for each possible current inventory position that can be
recognised at any decision epoch. The application of the policy d*
over the infinite planning horizon results in incurring the minimal
long-run expected average cost per unit time. Hence, the control
rules for the cost-effective dynamic operations management under
risk in the periodic-review inventory system are revealed.

The approach based on the Markov decision modelling can be
employed to solve optimisation problems in periodic-review inven-
tory control whenever the Markovian property is satisfied. If the
demand process differs from a Poisson arrival stream, but the
demand quantities in consecutive review intervals are mutually
independent random variables, a discrete-time Markov decision
process represents the controlled evolution of the inventory system.
The infinite horizon discrete-time Markov decision models of
inventory control can be found in [3] for three variants of a single-
item periodic-review inventory system, where demand sizes in
review intervals are independent and identically distributed dis-
crete random variables with a finite set of their possible values.

4. Appendix: The regenerative property of
a Poisson process

The Poisson process is a renewal process {N(¢), t = 0}, where
the interoccurrence times V,, k = 1, 2, ..., between consecutive
renewals are independent and identically distributed exponential
random variables. The number N(¢) of renewals up to time ¢ is
a random variable with the Poisson probability mass function:
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e ) ey
PNt =k}l =¢e ’T,k:O, 1,2,..1:=0. (A0) PNit)=k}l=¢ ’T,kzo, L2,..,t=0. (A0)
Ak s a u st Iubovolné nezaporné realne Cisla, potom aplika- If s and u are arbitrary non-negative real numbers, then an
cia vety o uplnej pravdepodobnosti na pocet N(s + u) obnov od | application of the law of total probability for the number N(s + u)
¢asu 0 do Casu s + u dava: of renewals from time 0 to time s + u yields:

P[NGs + u) = n) = iP[N(s +u) = n| N(s) = k}P[N(s) = k} =
k=0

n ()\S)k (Al)
= ZP[N(S +u)= n|N(s) =k} ef“T, su=0,n=0,1,2,...
k=0 :
Na druhej strane, ak pouzijeme binomicku vetu na vyjadrenie On the other hand, if we use the binomial theorem to express

n-tej mocniny suctu s + u vo vzorci pre pravdepodobnost P{N(s + | the n-th power of the sum s + u in the formula for the probability
+ u) = n} podla pravdepodobnostnej funkcie (A0), dostaneme: P{N(s + u) = n} according to the probability mass function (A0),
we get:

+ n )\" /\" n
P[N(s + u) = n} = e*)‘(”")M = ef’\(”“)—' (s +u)' = e Mt — <n>sku”k =
n

n! ! n! &=o\k
_ _ A2)
n )\n k )\k | n A n—k A k (
— Ze—)tse—)m niskun—k — ze—/\u & e—As ( S) s u= 0’ n= 0, 1’ 2,
= n! kl(n—k)! =0 (n — k)! k!
Porovnanim (A1) s (A2) a pouzitim (AO) vidime, zZe pre Pois- Comparing (A1) with (A2) and using (AO) we see that the
sonov proces plati nasledujuca rovnica: following equation holds for the Poisson process:
o )
P{N(s+u)=n|N(s)=k]=e W=P[N(u)=n—k},s,u20,k=0, l,...n,n=0,12,... (A3)
n—k)!
Rovnica (A3) odraza na historii nezavisly vyvoj Poissonovho Equation (A3) reflects the history independent evolution of
procesu. the Poisson process.
Na zistenie rozdelenia pravdepodobnosti pre pocet obnov od To find the probability distribution for the number of renewals

Casu s = 0 do Casu 7 = s mozno pouzif vetu o Uplnej pravdepo- | from time s = 0 to time ¢ = s, the law of total probability can be
dobnosti na pravdepodobnost P{N(¢) — N(s) = i}. Potom mame: employed for the probability P{N(t) — N(s) = i}. Then we have:

NN iy — Ny = & PING) = NGs) = 1 NGs) =) o
PING) = NGs) = 1} —Z PIN(1) = N(s) = i| N(s) = jIPIN(s) = J} —Z PING) =] PINGs) = j} =
= PIN(G) =j + i, Nis) =] & &
=> P}(f ’: () =) PIN(s) =) = > PING) =j + i| Ns) = jiPIN(s) = j} = > PIN(t — 5) = i}P[N(s) = j] = (A4)
= (N(s) = J) = =

=P{N(t—s)=i]§P[N(s)=j] =P[Nt—s5)=1i},t=s=0,i=0,1,2, ...
j=0

Rovnica (A3) bola pouzita v (A4) pre zapis rovnosti P{N(1) = Equation (A3) has been used in (A4) to write the equality
=j+ i|N(s) =j} = P[N(t — 5s) = i]. Rovnica (A4) deklaruje sta- | P{N(¢) =j + i|N(s) =j} = P[N(t — s) = i}. Equation (A4) declares
cionarnost (t. j. Casovi homogénnost) Poissonovho procesu. the stationarity (i.e. the time homogeneity) of the Poisson process.

The relationship between a previous history of the Poisson
Vztah medzi predoslou historiou Poissonovho procesu a jej | process and its continuation is given for times 1 = s = 0 by the
pokraCovanim je pre €asy t = s = 0 dany nasledujiicou rovnicou: | following equation:

PIN() — Nis) =i, N(s) =j} _ PIN(1) =) + i, N(s) =}

PIN(?) — N(s) = i|N(s) = j} = - = - =P[N@) =j+i|N(s) =]} =
| PIN(s) = /1 PN(s) = j} |
(AS)
=P[Nt—s)=i}=P[Nt)—Ns)=1i},t=5=0,i,j=0,1,2, ...
Posledna rovnost v (A5) vyplyva z (A4) a predposledna The last equality in (AS5) follows from (A4) and the next to

rovnost z (A3). Rovnica (A5) ako priamy dosledok rovnice (A3) | last equality from (A3). Equation (AS5) as a straightforward con-
ukazuje, Ze Poissonov proces ma nezavislé prirastky.
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Rovnice (A4) a (A5)/(A3) potvrdzuju, Ze vyvoj Poissonovho
procesu po [ubovolnom nezapornom realnom ¢asovom okamihu
s je pravdepodobnostnou kopiou vyvoja procesu od casu 0 bez
akejkolvek zavislosti od historie procesu do casu s. Poissonov
proces sa teda regeneruje v [ubovolnom bode Casu.
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