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DISKRETNY PROCES ZHROMAZDOVANIA

S DVOMA TRIEDAMI PRIORIT

THE DISCRETE PROCESS OF STORAGE WITH TWO PRIORITY CLASSES

Prispevok je venovany Specifickému modelu diskrétneho procesu
zhromazdovania elementov s dvoma triedami priorit. Kazdd trieda
priorit je tvorend nezdvislym vstupnym tokom elementov s Poissono-
vwm rozdelenim. Odvodené su niektoré potrebné zdkladné charakte-
ristické hodnoty a metoda pridelenia optimdlnych vystupnych kapacit
Jednotlivgm triedam priority a taktiez metéda optimalizdcie dizky
periody minimalizujiica prevdadzkové ndaklady systému.

1 Uvod

Nasledujuci model diskrétneho procesu zhromazdovania ele-
mentov s prioritami je zov§eobecnenim modelu zhromaZdovania
s deterministickym Casom obsluhy 7> 0 a Poissonovym vstup-
nym tokom elementov s intenzitou A > 0. Kapacitu zhromazdo-
vacieho priestoru stotoznime s nekoneénou dizkou éakacej fronty
a budeme predpokladat, ze akumulacia elementov kon¢i v kazdom
okamziku ¢, pricom T =t;, — t,_,, Vi. Bezprostredne po okam-
Ziku ¢, je obsluZeny bud’ cely front, ked jeho dizka je mensia ako
M, alebo skupina obsahujuca M elementov. ZvySok elementov,
ktoré neboli obsluzené, ¢aka na dalSiu obsluhu v nasledujucom
okamziku #,, |. Predpisanti dizku intervalu T = #, — t,_, nazyvame
periédou zhromaZdovania a jej dizka uréuje trvanie akumulacie ele-
mentov, kladnu celoCiselnu hodnotu M nazyvame maximdlna
vstupnd kapacita. Predpokladame, Ze vstupny tok elementov ma
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Poissonove rozdelenie s pravdepodobnostami m, =

Ze pocas jednej periody T vstupi prave r elementov, so strednou
hodnotou AT > 0. Pomer strednej hodnoty a maximalnej vystup-
nej kapacity M budeme nazyvat zataZenie systému p, pre ktoré
musi platit

_AT
p="7 <L

(1.1.)

Mnozstvo zhromazdenych elementov na konci n-tej periody
oznacujeme S, a nazyvame stavom na konci periody. Hodnota stavu
zataze na konci periody zavisi od poctu elementov X, ktoré vstu-
pili do systému pocas trvania periody a na zvysku elementov Z,
z predchadzajicej periody. Nahodnu premennu Z mozeme vyjadrit
ako hodnotu Z, = S, — M, ak mnozstvo zhromaZdenych elemen-
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This paper is devoted to a specific model of the discrete process of
storage with two priority classes. Every priority class of the elements is
formed by independent Poisson distributed incoming streams of the
elements. There are derived some basic characteristic values, a method
of assignment optimal out-going capacities for the classes of priority
and a costs minimising method for the length of the storage period as
well.

1 Introduction

The following discrete process of priority storage is a genera-
lisation of the storage process with a determining time of service
T > 0 and the incoming stream of elements following the Poisson
distribution with rate A > 0. Capacity of a storage area will be
identical with the infinite length of waiting line and we shall assume
that the accumulation of the elements ends in each moment of
time #,, so that 7=1r —t,_,, Vi. Either the group containing
M elements or all waiting line, when its length is below M, is
served immediately after the moment ¢,. The rest of the elements
which have not been served waits for their service at the next
moment 7, ;. Exactly prescribed time 7 is called a storage period
and its length defines a duration of the accumulation. The positive
integer M is usually called a maximum out-going capacity. We
assume that the incoming stream of elements follows the Poisson
distribution, so the probability to enter exactly r elements during

r

¢ with a mean value

storage period 7 has a form 7, = |
r

AT > 0 during period T. The ratio of the mean-value AT elements

during a storage period and maximum out-going capacity M will

be called utilisation factor p and it will satisfy

AT
p=", <1

(1.1)

We denote S, the amount of accumulated elements at the
moment when the nth period 7 ends, and it is called the state at
the end of the period. Value of the state at the end of the period
depends on the number of entered elements X, during period T’
and on the rest of elements Z, , from the last period. We can
express the stochastic variable Z by the form Z, = S, — M, if the
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tov pocas prebiehajucej periody je aspon M, alebo ako hodnotu 0,
ak zhromaZdenych elementov je menej ako M. Stavy S, na konci
periody mozZeme tak vyjadrit v nasledujuicom tvare

S, =Z, ,+ X, (1.2.)
kdevyraz Z,_, = max{S,_, — M, 0] strucne vyjadruje zvySok ele-
mentov z predchadzajicej periody.

Za podmienky (1.1.) mnoZstvo zataZe na konci periody S,
vytvara Markovov refazec majuci stacionarne rozdelenie pravde-
podobnosti stavov, pri ktorom stavy nezavisia od pocétu peridéd
a mozZeme index periody vynechat. Ak pravdepodobnost, Ze stav
na konci periody je S = k oznac¢ime p, = P(S = k) a pravdepo-
dobnosti, Ze pocas periody vstupi prave k elementov ako m, =

_ O

I ¢ T mozeme pravdepodobnosti stavov na konci periody

vyjadrit nekone¢nou sustavou rovnic

amount of accumulated elements during previous period is at least
as big as M, or by value 0, if the amount is below M. States S, at
the end of periods can be described in the following form

S, =Z, ,+Xp, (1.2)
where the term Z, ; = max[S,_, — M, 0} briefly expresses the
rest of elements from the last period.

Under the condition (1.1.) the amount of the elements at the
end of period S, forms a random variable of the Markov chain
having steady-state probabilities of states whereas those probabili-
ties are not dependent on the number of period and we can leave
out the index of period. If probabilities to have a state S = k ele-
ments at the end of the period are denoted as p, = P(S = k) and

0D
k! ’

probabilities to have k incoming elements as 7, =

then we can express the probabilities at the end of period by infi-
nite system of equations

Po=Pot o+ .. T pa)mg

=W+t .. )T Py T o T Dy, k=1,2,3,4, ...

Zakladné rieSenie sustavy (1.3.) predchadzajiceho modelu
procesu zhromazZdovania pomocou vytvarajucich funkcii je popi-
sané v [1] a podrobne ho doplfiaju vysledky z [2]. Strednti hodnotu
stavu na konci periody zvyCajne odvodime zo zodpovedajucej
vytvarajicej funkcie vypocitanim jej prvej derivacie v bode z = 1.
Tak dostaneme

M—1
J > "=,
r=0

dF(z)
dz

E(S) = =
) =1 dz| z

kde z, su korene charakteristickej rovnice z — ¢ PM(1 ~ 2 = o
pre M = 2 a metdda ich vypoctu s ich vlastnostami je opisana v [2].
Specialne pre M = 1 dostaneme

p(2—p)
21-p)°

Strednu hodnotu zvy$ku elementov na konci periody vyjad-
rime pomocou (1.2.), pri zanedbani indexu periody, v tvare

ES) = (1.4b.)

E(Z) = E(S) — AT. (1.5)

V dalSej Casti prispevku sa budeme zaoberat systémom zhro-
mazdovania s elementmi rozdelenymi do tried s prioritami obsluhy.
2 Model zhromazdovania s prioritami
2.1 Popis modelu a jeho rieSenie

Predpokladajme, ze mame dany diskrétny proces zhromazdo-
vania s predpisanou dizkou periody 7. Nech do systému vstupuji

MepM(l —z) _ 1

(1.3.)

The basic solution of the system (1.3.) using generating func-
tions is characterised in [1] and those results are completed in
detail from [2]. We can derive the mean-value of the state at the
end of period by a usual method of computing the first derivative
of the corresponding generating function at point z = 1. So, we get

M— (M- 2 M-1
S AD S -z
WD

(l.4a.)
z=1

where z, are roots of the characteristic equation z — ¢~PM(1 =2

= 0 for M = 2 and their computing method with characteristics is

completely described in [2]. For M = 1 we have a special form

E(S):M.

2(1 = p)

The mean-value of the rest of elements at the end of period is
expressed with a help of (1.2.), leaving out indexes of periods, as

(1.4b.)

E(Z) = E(S) — AT. (1.5)

In the next part of this paper we shall be interested in the storage
system with the elements divided into the classes of service priority.
2 Priority model of storage
2.1 Description of model and its solving method

Let us assume now that we have a defined discrete process of
storage with prescribed length of period 7. Let the elements of
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elementy rozdelené do réznych tried, napr. podla dodavatela. Pre
jednoduchost budeme predpokladat len dva nezavislé vstupné toky
s Poissonovym rozdelenim s intenzitami A, > 0, A, > 0. Akumu-
lacia vsetkych elementov prebieha v spoloénom zhromazdovacom
priestore. Obsluha sa vykonava bezprostredne po ukoncéeni periody
jednym spoloénym obsluznym zariadenim s celkovou maximalnou
vystupnou kapacitou M elementov sucasne. Akumulaciu a vlastnu
obsluhu elementov mézeme vykonavat dvoma nasledujicimi spo-
sobmi:

1. Kazda trieda elementov disponuje vlastnou kapacitou obsluhy
vyhradenou z celkovej maximalnej kapacity M, t. j. elementy
1. triedy maju vyhradenti maximalnu vystupnu kapacitu M,
elementy 2. triedy maju vyhradenu kapacitu M,, pricom
M, + M, = M. Obsluha zhromaZdenych elementov sa vyko-
nava tak, zZe elementy kazdej triedy su obsluhované samo-
statne takym sposobom, Ze ak ich je menej ako M;, obsluzia sa
vietky elementy. Ak ich je zhromazdenych viac nez M;, obsluzi
sa plna kapacita kazdej triedy M; a zvySok ¢akd na dalSiu
obsluhu v nasledujucej periode. Pre tento model obsluhy bola
rieSena uloha nakladovej optimalizacie dizky periody v [3].

2. Druha mozZnost je definovana nasledovne: Nazvime kazdu
triedu elementov ako triedu priority a ich obsluhu budeme
organizovat podla triedy priority. Je obvyklé, Ze nizSie Cislo
udava vyssiu triedu priority a vyssie ¢islo nizsiu triedu. Ozna-
Cené elementy prvej triedy budi mat teda vyssiu prioritu ako
elementy druhej triedy a budu sa obsluhovat prednostne. Vstu-
pujuce elementy do systému sa zoraduju podla tried priority do
frontu. Zo zhromazdenych elementov najskor obslizZime ele-
menty prvej triedy (vySSej priority). Podla ich mnoZstva je
bud M elementov obsliZenych, ak ich je viac nez M a zvySok
(spolu s elementmi druhej triedy) caka na obsluhu v nasle-
dujucej periode, alebo s obsluzené vsetky, ak ich je menej
ako M a zvySok z celkovej vystupnej kapacity M, je doplneny
elementmi 2. triedy nasledovne: Ak zhromazdenych elemen-
tov 2. triedy je menej ako zostatok z celkovej kapacity M,
obsadenej elementmi prvej triedy, su obsliZené vsetky, inak
zvySok ¢aka na dalsiu obsluhu v nasledujucej periode.

V nasledujucich ¢astiach sa budeme podrobne zaoberat druhou
moznostou.

Délezitou zmenou v druhom pripade je dopinanie volnej kapaci-
ty elementami druhej triedy. Deficitom D vystupnej kapacity nazve-
me rozdiel celkovej vystupnej kapacity M a aktualneho poctu obslu-
Zenych elementov prvej triedy (ANSE1) v prislusnej periode, t. j.
D = M — ANSE]1. Pretoze uvazujeme systém zhromazdovania s ne-
kone¢nym zhromazdovacim priestorom v stabilizovanom rezime, je
zrejmé, Ze pre stredni hodnotu obsliZenych elementov prvej triedy
E(ANSEN) a strednu hodnotu elementov prvej triedy, ktoré pocas
periody T do systému vstupili E(X7), plati E(ANSE1) = E(X;) =
= M T. Strednu hodnotu deficitu moéZeme potom definovat ako

E(D) = E(M — ANSE1) = M — E(ANSE1) = M — E(X;) = M — \,T.

Maximalna vystupna kapacita M, pre elementy druhej triedy
nemoZe byt zrejme vacsia ako stanovena stredna hodnota deficitu
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different classes enter the system e.g. according to a supplier. To

make it simple, we shall discuss only two independent incoming

streams with rates A; > 0, A, > 0 following the Poisson distribu-
tion. The accumulation of all elements performs at a common
storage area. One common machine provides their service with

a maximum outgoing capacity M at the same time, immediately

when a period of storage is finished. We can organise their own

accumulation and service in the following two ways:

1. Each class of elements disposes of a reserved self-capacity of
the service from the total maximum out-going capacity M (i.e.
the elements of the first class have a reserved maximum out-
going capacity M, the elements of the second class have the
maximum out-going capacity M, where M, + M, = M). The
service of accumulated elements is accomplished by serving
the elements of each class separately as if there are fewer of
them than M;, all of the elements are served. If there are accu-
mulated more of them than M, they are served to a full capa-
city M, of each class and the rest waits for its service in the next
period. For this model of service has been considered a cost
method optimising length of period in [3].

2. The second case is defined as: Denote each class of elements
as a class of priority and we shall organise their service accord-
ing to their priority classes. It is usual that the smaller number
denotes a higher class of priority and a higher number denotes
a lower class of priority. The marked elements of the first class
will have a higher priority than the elements of the second
class and they will be preferred. Incoming elements are ordered
to the waiting lines with respect to their priority class. Within
the accumulated elements first are served the elements of the
first class (higher priority). According to their amount either
M of accumulated elements are served, if there are more ele-
ments than M and the rest of them (together with elements of
the 2nd priority class) waits for the next service or if there are
fewer of them than M, they are served all and the rest of out-
going capacity M, is completed with elements of the second
class as follows: If the amount of the elements of the second
class is smaller than the remaining capacity M, filled with the
first class elements, they are served all, otherwise the rest of
them waits for the service in the next period.

We shall be interested in detail in the second case in the fol-
lowing chapters.

An important change in the second case is filling up of the
idle capacity with the elements of the second class. We shall call
a difference between the out-going capacity M and the actual
number of served elements of the first class (ANSE1) in a cor-
responding period as a deficit D = M — ANSE]I. Since we reason
a steady-state infinite storage area system, it is clear that the mean-
value of the served elements of the first class E(ANSE1) and a mean-
value of the entered elements E(X;) the system of the same class
during the period T will hold E(ANSE1) = E(X;) = A, T. We shall
define the mean-value of the deficit as

2.1)

Maximal out-going capacity M, for the elements of the second
class cannot probably be higher than the mean-value of the deficit
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E(D) = M — AT atak polozime M, = [M — A,T], kde [x] ozna-
Cuje celu cast Cisla x, najvacsie celé Cislo < x. Pre elementy prvej
triedy priority je teda vyhradend kapacita M, = M — M,. Teda,
obe vystupné kapacity M, M, st diskrétne zavislé od dizky zhro-
mazdovacej periody.

Predstavme si teraz, Ze nas

E(D) =M — M T, so we shall set M, = [M — A,T], where [x]
denotes an integer part of the number x, the greatest integer < x.
M, = M — M, assigns the capacity for the elements of the first
class. So, both the out-going capacities M,, M, are discreetly
dependent on the length of the accumulation period.

Imagine now that our system

systém zhromazdovania sa sklada T

of storage is composed of two dif-
ferent parts (two fictive subsystems)
when the accumulated elements

M, <[M-7T]

z dvoch roznych casti (dvoch fik-  ———Pp]
tivnych podsystémov), ked zhro-

mazdené elementy su obsluho-

vané v tom istom okamziku bez-

prostredne po ukonceni periddy T
zhromazdovania spolo¢nym zaria- >

denim s celkovou kapacitou M.
Prva cast disponuje vystupnou

are served at the same time imme-
diately after the end of the storage
period by a common machine with
the total out-going capacity M. The
first part disposes of the out-going
capacity M, and the second part of

kapacitou M, a druha kapacitou
M, pri danej periode T. Do
kazdého podsystému za jednu
periodu vstupuje nezavisly Pois-
sonov tok elementov so strednou
hodnotou po¢tu elementov A, 7" >
> 0, A,T> 0, pozri Obr. 1. Predchadzajice prisposobenie vlast-
nych vystupnych kapacit pre triedy priorit dava prijatelnu aproxi-
maciu systému s triedami priorit a umoznuje nam vyuzit metodu
rieSenia z [3].

Podmienka stability takéhoto systému je dana poziadavkou,
aby pre elementy kazdej triedy priority, ktoré pocas jednej periody
vstipia do systému, platila ekvivalentna podmienka (1.1.). Tak
dostaneme A,7 < M,, i = 1, 2. Koeficient zatazenia p[” pre kazdy
fiktivny podsystém triedy priority je dany nasledujucim tvarom

pll = AT AT pl2l = M‘

= a (2.2))
M, M-M, M,

Stavy jednotlivych podsystémov definujeme ako pocet zhro-
mazdenych elementov jednotlivych tried priority a stavy celého
systému budu definované ako ich sucet. Z nezavislosti vstupnych
tokov Iahko odvodime vytvarajucu funkciu rozdelenia pravdepo-
dobnosti stavov celého systému.

b WD, . L
[,11 = —"—e MT oznaluje pravdepodobnosti, Ze pocas

Nech 7
jednej periody vstupi do systému prave k elementov i-tej triedy pri-
ority. Pravdepodobnosti stavu S'"! na konci periody pre itu triedu
priority mézeme potom definovat v sulade s kap. 1 ako pravdepo-
dobnosti p[k’] =P(S[’] = k), i =1, 2, ktoré su vyjadrené sustavou

rovnic ekvivalentnou sustave (1.3.). Nech go[i](z) = Z 77[,[]2’,
r=0
Fll(z) = Z p[,i]z’ oznaCuju vytvarajuce funkcie pravdepodob-
r=0
nosti vstupu elementov do systému a stavov elementov i-tej triedy

priority na konci periody. Pravdepodobnosti stavov celého systému
mozeme vyjadrif v tvare

Obr. 1. Rozdelenie celkovej vystupnej kapacity M
pre obe triedy priority
Fig. 1. Dividing of the total out-going capacity M
Jor both classes of priority

capacity M, related to the existing
period T. To each part of a system
incomes independent stream of
elements respecting Poisson distri-
bution with the mean-value of
entered elements A, 7> 0, A, 7>
> (0, see Fig. 1. Previous adaptation of the self-out-going capacities
to the classes of priorities gives a feasible approximation for the
system with priority classes and enables us to use a solving method
from [3].

A stability condition of such an accumulation system is given
by a requirement so that an equivalent condition to (1.1.) applied
for entered elements of each class of priority. Thus, we have A,7 <
<M,, i=1, 2. The utilisation factor p[” for each fictive subsys-
tem of the priority class is given by a following expression

pm:M_ LT and plZlZM,

= (2.2)
M, M-M, M,

States of single subsystems are defined as a number of accu-
mulated elements of single priority classes and states of a whole
system will be defined as their sum. From an independence of
incoming streams we shall easily derive a probability generating
function of the states of the whole system.

Let expression 77[,("] = e M denote probabilities of

WD
T
incoming exactly k elements of the ith priority class. The probabi-
lities of state S'"! at the end of the period for the i-th priority class
can be defined according to chapter 1 as the probabilities p[k” =
= P(S' = k), i = 1, 2, which are expressed by a system of equa-

tions equivalent to (1.3.). Let ¢'(z) = > allz", Flll(z) = > plilz”
r=0 r=0
denote the probability generating functions of incoming elements

of ith class and states at the end of the period respectively. The
probabilities of the whole system states can be expressed by

k k
p=PS=k) = >SN =k — i s =iy = pltt 2!
=0 i=0

i=
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a zodpovedajucu vytvarajucu funkciu

F(z) = ipk ziz Pl P = FURFE).

Strednt hodnotu stavu na konci periody ziskame obvyklym
sposobom. Vypocitame prvu derivaciu vytvarajucej funkcie v bode
z = 1. Dostaneme
dF(z)

dz |:=1 dz

E(S) =

a Ciastocné stredné hodnoty E(S'") pre kazdu triedu priority dosta-
neme pomocou (1.4.).

Strednt hodnotu zvysku na konci periody vyjadrime z (1.5.)
pomocou (2.3.). Tak dostaneme

E(Z) = E(S) —
Celkova doba stravena v systéme je tvorena dobou, ktoru stravia

v systéme elementy kazdej triedy priority. Analogicky podla [1]
a pomocou (1.5.) mozeme tito dobu vyjadrit vo forme

[il — [i] )\lT —
w = E(Z )+T - T=

2.2 Optimalne rozdelenie celkovej vystupnej kapacity
pre triedy priorit

V tejto Casti sa budeme zaoberaf ulohou rozdelenia celkovej
vystupnej kapacity M pre jednotlivé triedy priority. Velkosti vystup-
nych kapacit su pre obe triedy priority diskrétne zavislé a podla
uvodného predpokladu zviazané vztahom M = M, + M,. Za kri-
térium optimalneho rozdelenia zoberieme strednti hodnotu zvysku
elementov po ukonceni periody. Budeme teda minimalizovat uce-
lovu funkciu

2T = EZ" + EZ"), (2.5.)

pri danej dizke periody zhromazdovania 7.

Vzhladom na zavislost jednotlivych vystupnych kapacit a sta-
bilizani podmienku (2.2.), nemoZeme hodnoty M,, M, volit
[ubovolne. Zo stabilizaénych podmienok pre obe triedy priority
dostavame, Ze A\ T < M, a A,T < M,. Z prvej podmienky dalej
dostaneme AT < M — M, a po uprave M, < M — A,T. Z oboch
podmienok dalej dostaneme podmienku

MLT<M,<M—- MT, (26.)
ktora urcuje konecny pocet celociselnych hodnét vystupnej kapacity
M, . Postupnym prepoctom kritérialnej funkcie (2.5.) najdeme taku
kapacitu, pre ktort (2.5.) nadobuda minimum. Hodnota M, vystup-
nej kapacity prvej triedy priority je uz potom ur¢ena jednoznacne.

Za strednu hodnotu zvysku na konci periody E(Z!") do (2.5.)
dosadime zodpovedajuce vztahy (1.4a, b.) upravené podla (1.5.).

d
e F”I(Z)FIZI(Z)
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and a corresponding generating function

©

F(z) = Z n =2, Z Pl PPz = FUEFGE).
We can obtain a mean-value of the state at the end of period

by a usual method. Compute the first derivative at point z = 1. So,
we get

= E(S" + E(st?y, (2.3)
1
and partial mean values E(S'") can be expressed by (1.4a, b.) for
each class of priority.

The mean-value of the rest at the end of period is expressed
again from (1.5.) by (2.3.). So, we can write

MT = M7= ES™M) — N, T+ ES™Y — AT = EZ™) + EZ™).

Overall time spent in the system is formed by the time which
elements of each class of priority spend in a system. According to
[1] and (1.5.) we can express the time in the form

(E(S[i]) _ M) - T.
2

2.2 Optimal decomposition of the total out-going
capacity to the priority classes

(2.4.)

In this part we shall deal with a problem of a decomposition
of out-going capacity M for individual priority classes. Proportions
of out-going capacities are for both priority classes discreetly depen-
dent and they are joined by the following preliminary assumption
M= M, + M,. For the optimal decomposition criteria we can
take the mean-value of the rest of the elements at the end of the
period. We shall minimise the objective function

2T = EZ"Y + Bz, (2.5.)

at given length of the storage period T.

According to the dependency of particular capacities and
steady-state condition (2.2.), we cannot choose the values M, M,
arbitrarily. The steady-state conditions for the both classes of prio-
rity yield A, T < M — M, and after setting we have M, <M — A T.
From the both conditions we shall have the condition

MLT<M,<M— MT, (26.)
which determines a finite number of integers of out-going capacity
M,. By a sequential computing objective function (2.5.) we take
such a capacity for which (2.5.) gets a minimal value. Value M, of
out-going capacity of the first class of priority is then determined.

We substitute corresponding terms (1.4a, b.) modified accor-
ding to (1.5.) for the mean-value of the rest at the end of period
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Stredna hodnota E(Z [i]) pre M = 2 zavisi od korenov charakte-

[7]

M.
ristickej rovnice vo vyraze 2 (1-2zy )~ ! pre zataZenia pm z(2.2),

k=0

ktoré hladame vhodnou numerickou metédou postupom opisanym
v [2]. Podla [3] pre podstatné zjednodusenie, mézeme pouzit

M.
linearnu aproximéaciu 2 (1= 2= s, ply = q,(M)p™ +
k=0

+ ay(M,), ktorej koeficienty zavislé od M, su v tvare

a,(M;) = 0.4045M, — 0.6609
Celkovy postup ukazeme na nasledujicom priklade.
Priklad: Pre systém zhromazdovania s dvoma triedami priorit
majme dané: intenzity vstupu A, = 3 el./h., A, = 2 el./h., spolocni

periodu zhromazdovania 7= 1,2 & a vystupnu kapacitu M = 10 el.

Po dosadeni do (2.6.) dostaneme 2,4 < M, < 6,4. Potrebné
vypocty zostavime do nasledujucej tab. 1.

E(Z") to (2.5.). The mean-value E(Z!"") for M = 2 depends on

M;

the roots of characteristic equation in the term 2(1 - z[,f')f1 for
=0

utilising factor pi” from (2.2.), which are searched for by a proper

numerical method using the procedure described in [2]. According

to [3], for a significant simplifying we can use a linear approxima-

M;
tion > (1 -2y = 1M, pl) = a,(M)p" + ag(M)),
k=0

whose coefficients dependent on M; have the form

, a(M,) = 0.525M, — 0.5114. (.7)

We show the overall previous procedure in the following example.

Example: Let us have given for the storage system with two
priority classes as follows: the incoming rates A, = 3 el./h., A, =
= 2 el./h., a common storage period 7 = 1.2 4 and the out-going
capacity M = 10 el.

From (2.6.) after substituting we shall obtain 2.4 < M, < 6.4.
Necessary calculations will be assembled to the Tab. 1.

Optimalne rozdelenie celkovej vystupnej kapacity M Tab. 1. Optimal decomposition of the total out-going capacity M Tab. 1.
M, | M| Y P | EEZ® | EZY) | 7)) M, | M | PP P EE®) | EZY |z
3 7 0,80 0,51 1,73 0,05 1,78 3 7 0.80 0.51 1.73 0.05 1.78
4 6 0,60 0,60 0,24 0,17 0,41 4 6 0.60 0.60 0.24 0.17 0.41
5 5 0,48 0,72 0,06 0,56 0,62 5 5 0.48 0.72 0.06 0.56 0.62
6 4 0,40 0,90 0,02 3,60 3,62 6 4 0.40 0.90 0.02 3.60 3.62

Z tabulky vidime, Ze optimalne rozdelenie celkovej vystupne;j
kapacity M = 10 el. je pre triedy priority nasledovné: pre prvu
triedu —M, = 6 el., pre druhu triedu —M, = 4 el.

2.3 Optimalna dizka periody zhromazdovania

Zavaznym problémom pri efektivnom riadeni procesov zhro-
maZdovania na €as je stanovenie okamzikov ukoncenia akumula-
cie elementov, t. j. stanovenie dizky periody. Optimalizaéna metoda
dizky periody uvedena v [3] berie do Gvahy prevadzkové naklady
systému zhromazdovania s dvoma nezavislymi vstupnymi tokmi
elementov, z ktorych kazdy druh ma rezervovanu vlastni maxi-
malnu vystupnu kapacitu zo systému. Po jednoduchej modifikacii,
moZeme tento postup pouzif pre uvazovany model s prioritami.
Oznaéme ¢! > 0 naklady na obsluhu jedného elementu,
W > 0 fixné néklady na prevadzku pocas jednej periody a
¢ > 0 naklady na pobyt v systéme a vo fronte pripadajiice na
jeden element i-tej triedy priority za jednotku Casu. Pocas jednej
periody systém priemerne obsluZi AT elementov a Ciastkové naklady
na ich obsluhu budia CY(7) = ¢\, T penaznych jednotiek pred-
pokladu linearnej zavislosti nakladov od mnoZstva obsluzenej

We can see from the Tab.1. that the optimal decomposition of
total out-going capacity M = 10 el. for the both priority classes is
as follows: for the first class —M; = 6 el., for the second class
—M, =4el

2.3 Optimal length of the storage period

A relevant problem within the effective time control of the
storage processes is a setting of the moments when the accumula-
tion of elements will end (i.e. the setting of the period duration).
The optimising method of the length of period in [3] regards the
costs of the storage system with two independent incoming streams
of elements where each variety of elements has a reserved actual
out-going capacity from the system. We can use that technique after
a simple modification for the reasoned model with priorities.

Let us denote c'/1 > 0 the service costs of one element, ¢! > 0
denotes fixed costs for performing the system during one period
and 0[3’] > () are the costs for remaining in the system and a waiting
line corresponding one element of the ith class of priority per time
unit. The system serves AT elements in average during one period
and their costs will be C((7T) = ¢!! \,T under the assumption of
linear dependence on the amount of the served elements. If we
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zataze. Ak ich upravime o fixné naklady, dostaneme C[{](T) =
= clIAT + . Ciastkové naklady na dobu stravenu v systéme
(2.4.) budu &init C1(T) = cPw! penaznych jednotiek.

Celkové naklady v zavislosti od dizky periody mdzZeme potom
vyjadrit funkciou celkovych nakladov

D =T + ATy = AT+ D + AW (28)

zdruzujicou ¢iastkové naklady na obsluhu a prestoje v systéme.

Pri danych nakladovych sadzbach mozeme celkové naklady
znizif tym spésobom, Ze budeme minimalizovat fixné naklady
c[2’] > (0 rozloZenim na vacsi pocet obsluZenych elementov tak, Ze
vyjadrime pomernu ¢ast celkovych nakladov (2.8.) pripadajucu na
jeden obsliZeny element vydelenim hodnoty C'(T) priemernym
poctom obsluzenych elementov zodpovedajticej triedy priority za
jednu periodu AT. Z nakladovej funkcie (2.8.) potom dostaneme

C (T) [7]

Nl
(N = AT A; T

=+ 22 AT +cf — (29.)

i

Pre obe triedy priority vytvorime zdruzenu nakladovu funkciu

KOMNIKCCle
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adjust them to fixed costs we shall get CV(T) = c[IAT+ 1
Partial costs for the time which the elements spent in the system
(2.4.) will be Cizi] (T = cg’] wl of the monetary units.

Total costs function of the length of the period T can be
expressed

) =N + ATy = PAT+ D+ AW (2.8)
which joins the partial costs for service and the time spent in the
system.

At given cost rates we can reduce the global costs if we mini-
mise fixed costs ¢4l > 0 by their distribution to a higher number
of served elements by expressing a relative part of the total costs
(2.8.) corresponding to one served element dividing the value
C'"N(T) by the average number of served elements corresponding
to the class of the priority per one period A, 7. From the costs func-
tion (2.8.) then we shall get

v _
AT

[i1

Nl
(N = AT

S (29.)

/\T

i

We construct comprehensive costs function for the both prio-
rity classes

n 21 my 2 2 &

N(T) = NU(T) + NPT = o =2 4 el o2 =2y 21 =

(=N (N =ch AT ST )\ZT ST
A T 21 02 T

—eiy 2 S gy g M) e G 6 gy AT (2.10.)
MT A 2 LN 2

Zo stabilizacnych podmienok A, T < M,, A,T < M, pre obe
triedy zhromazdovania dostaneme ohranicenie pre dizku periody

T < miny—,—
ATA,

Pre vypocet E(Z") v (2.10.) znovu vyuzijeme zodpovedajice
aproximacie (2.7.) upravené podla (1.5.).

Zavislost jednotlivych vystupnych kapacit M,, M, pre obe
triedy priority nam neumoznuje analytické rieSenie vo vzfahu
(2.10.). Pouzijeme teda metddu postupnych prepoctov pre vybrané
dizky periody aplikaciou podmienky (2.6.), z ktorych potom vybe-
rieme optimalnu hodnotu.

Priklad: Pre systém zhromazdovania s dvoma triedami priorit
majme dané: intenzity vstupu A; = 0,42 el/h, A, = 0,24 el./h
a vystupnu kapacitu M = 7 el.

Zo stabilizaénych podmienok pre obe triedy zhromazdovania

M, M
dostaneme ohranidenie pre dizku periody T < mm{—1 —2}

AA
Pre dané ciselné hodnoty mame

7 7
T < miny——, —— = 14,28.
0,42 0,24

Dalej polozme T = 1 a vypoéty zostavme do tab. 2. Z pod-
mienky (2.6.) uréime zodpovedajuce hodnoty vystupnej kapacity

From the stability conditions A\ 7'< M;, A,T < M, for the
both priority classes we shall get the limitation for the length of
M M,
the period T < miny—, —=
A A
For computing £(Z!) to (2.10.) we again use corresponding
approximation terms (2.7.) adapted according to (1.5.).

Dependence of the individual out-going capacities M, M, for
the classes of priority does not allow us an analytical solution in
(2.10.). Thus we use a method of consecutive calculations for the
chosen lengths of period by application the condition (2.6.), from
which we choose an optimal value.

Example: Let us have given for the system of storage with two
priority classes as follows: the incoming rates A, = 0.42 el./h,
A, = 0.24 el./h and the out-going capacity M = 7 el.

From the limitation for the length of the period

M M,
T < min " /\— , for given numerical values we have
1 2

T< mind—— 1 14.28
m —, (= . .
"M 0427 024

The next step is to set 7 = 1 and assemble calculations to the
Tab. 2. We define corresponding values of the out-going capacity
M, from the condition (2.6.). We shall get M, € {1, 2, 3, 4, 5, 6]
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M,. Pretoze 0,24 < M, <7 — 0,42, dostaneme, Ze M, € {1, 2, 3,
4, 5, 6). Pre kazdi hodnotu M, zo vztahu M =7=M, + M,
uréime hodnotu vystupnej kapacity M,. Pre zvolenu dizku periody
a ur€ené vystupné kapacity M, M, postupne vypocitame hodnoty
funkcie (2.10.). Optimalne naklady zistime jednoducho prehlada-
nim stipca N(1).

as 0.24 < M, <7 — 0.42. We shall define a value of the out-going
capacity M, for each value M, from M =7 =M, + M,. For
a chosen length of the period and determined out-going capacities
M,, M, we shall compute values of the function (2.10.) in succes-
sive steps. We shall find out the optimal costs simply by searching
the last column N(1).

Tab. 2 Tab. 3

M, M, o p? N(1) M, M, o p? NQ3)
6 1 0.07 0.24 2252.2 6 1 0.21 0.72 1317.8
5 2 0.08 0.12 2252.1 5 2 0.25 0.36 1083.0
4 3 0.11 0.08 2255.8 4 3 0.32 0.24 1076.1
3 4 0.14 0.06 2259.6 3 4 0.42 0.18 1088.0
2 5 0.21 0.05 2264.3 2 5 0.63 0.14 1153.4
1 6 0.42 0.04 2300.8

Zvolme T = 3. Z podmienky (2.6.) dostaneme pripustné
hodnoty vystupnej kapacity M, pre, ktoré st vypocty zoradené
v tab.3.

Pre T=5a T = 9 st vysledky zostavené v tab. 4. a tab. 5.

Let us choose 7' = 3. From the condition (2.6.) 072 < M, <
5.74 we shall obtain feasible values of the out-going capacity M,
whose calculations are aligned in the Tab. 3.

For T = 5 and T = 9 results are set in the Tab. 4. and Tab. 5.

Tab. 4 Tab. 5
M, M, ! p? NGS) M, M, p!! p?! N9
5 2 0.42 0.6 1054.1 4 3 0.98 0.7 2675.7
3 4 0.52 0.4 990.2
3 4 0.7 0.3 1066.0

Nasledujuci obr. 2. ukazuje zavislost nakladov vo funkcii
(2.10.) od dizky periody T pre vybrané parametre: A =042,
A =024, M=1T.

Ako vidime aj z obr. 2, podrobnejsim prepoctom pre T € <4;
5) zistime, Ze funkcia (2.9.) nadobuda minimum pre periodu T =
4,5 s nasledujucimi hodnotami: M, =4, M, = 3 zafaZeniami
pt'1'=0,47, p”! = 0,36 a hodnotou N(4, 5) = 983.

3 Zaver
V prvej Casti prispevku su definované a odvodené zakladné

stredné hodnoty popisujuce efektivnost ¢innosti uvazovaného sys-
tému zhromazdovania s dvoma trie-

Following Fig. 2. shows a dependency of the costs in the func-
tion (2.10.) on the length of period T for the selected parameters:
A =042, 0, =024, M=1T.

As we can see in the Fig. 2, exact computing for T € <4; 5)will
show that the function (2.10.) get the minimum for the period T =
4.5 with following values: M| = 4, M, = 3 the utilisation factors
oM =0.47, p”! = 0.36 and costs N(4.5) = 983.

3 Conclusions
In the first part of the paper basic characteristic mean-values

are defined and derived describing effective functioning of the
considered storage system with two

priority classes. It gives us a possi-

bility to exploit those characteristic

mean-values for deriving the optim-

al length period of element accu-

dami priorit. To nam diava moznost 2500
vyuzit tieto charakteristické stred- o fzgg
né hodn9ty pre odvodenie opti- § 1000
malnej dlzky periody zhromazdo- 500
vania elementov. V druhej Casti 0

mulation. In the second part of

prispevku je analyzovana metoda 0 2 4
nakladovej optimalizacie dizky pe-
riody minimalizujuca fixné naklady
podla poctu obsluzenych elemen-

Period T

Obr. 2. Zdvislost ndkladov funkcie (2.10.) na dizke periédy
Fig. 2. Cost dependency of the function (2.10.) on the length of period

the paper is analysed the costs
optimising method of the length
of period minimising fixed costs
according to the amount of served

6 8 10
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tov pocas jednej periddy. Taktiez je navrhnuta moznost optimal-
neho rozdelenia celkovej vystupnej kapacity pre triedy priorit mi-
nimalizujuca celkovy zvySok elementov bez ohladu na triedu prio-
rity.
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