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TWO AND THREE-REVOLUTION CYCLICAL SURFACES

The creation of two-revolution and three-revolution cyclical surfaces is presented in the paper. Classification and vector equations of the
surfaces are given. The surfaces are created by translation of the circle along the curves and its centre is on the curve. The curves are created
by revolution of a point about any edge of the trihedron of the previous curve and this trihedron moves simultaneously along this curve. All

specific forms of surfaces are illustrated in figures visualized in Maple.

1. Introduction

The point S, revolves about the coordinate axis z with angular
velocity w, in the distance d, from the origin of the coordinate
system (O, x, y, z). For every value of the angle w, there exists only
one position of the point R; and the trajectory of this point R, is
the curve k, (circle). The trihedron (R, 7, n,, b,) defined in every
point R, € k, is determined by tangent, principal normal and
binormal of the curve k,. The point S, revolves at an angular
velocity w, about any axis of the coordinate system, which is iden-
tical with the trihedron (R, #;, n;, b;) of the curve k,, in the dis-
tance d, from the origin of this coordinate system which is moving
simultaneously along the curve k. For every value of the angle w,
there exists only one position of the point R,. The trajectory of
this point R, is the curve k5, where g = ¢, n, b. The trihedron (R,,
t,, ny, by) in every point R, € k5 is determined by the tangent,
principal normal and binormal of the curve k5. The point S; revolves
about any axis of the coordinate system identical with the trihe-
dron (R,, t,, n,, b,) of the curve k5 at an angular velocity w; in
the distance d; from the origin of this coordinate system which is
moving simultaneously along the curve k5. For every value of the
angle w, there exists only one position of the point R;. The tra-
jectory of the point R; is the curve k8" where g, h = t, n, b. The
trihedron (Rs, #3, 13, b3 ) in every point R; € k5" is determined by
the tangent, principal normal and binormal of the curve k¥ h,

The surface of the type P,(u,v) is created by translation of the
circle ¢, = (R, r,) along the curve k,, the surface of the type
P§(u,v) is created by translation of the circle ¢, = (R,, r,) along
the curve k5 and the surface of the type P§”(u,v) is created by
translation of the circle ¢; = (R;, r;) along the curve k%", The
index g = 1, n, b determines that the point S, revolves about the
tangent ¢,, or principal normal 7, or binormal b, of the curve k,
and the index & = 1, n, g determines that the point S5 revolves
about tangent #,, principal normal 7, or binormal b, of the curve

k.
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2. Vector functions of the curves k,, k5, k§"

Let the curve k, be a circle created by revolution of the point
S, = 8,(d;, 0,0, 1) about the axis z of the coordinate system (O,
X, y, z) at an angular velocity w, = v and k, is determined by the
vector function

1) = (), (), 20, 1) = Sy T(wy) =

= (d, cos v, 5,4, sin v, 0,1), v € (0, 27). (1)

The matrix T,(w,) represents the revolution of the point S,
about the coordinate axis z given by (5) (3™ matrix for i = 1),
where the parameter ¢, == 1 determines the right-turned or left-
turned revolution movement of the point (Fig. 1,7 = 1,7 = z) [3].
We will define the trihedron (R, ¢, n, b;) of the curve k, in every
point R, € k, by the tangent ¢,, principal normal », and by binor-
mal b, with their unit vectors #,(v), n,(v), b,(v) by equations (2),

/ \

(3). (4) fori=1,v€(0, 2w

- _ladn_
t](V) - (azix bnrcll) - h“dv - (2)
1 (dxk,(V) dy, (v) d@(v)) _|dn
T\ dv 0 odv C odv YT |dv
d’,
) = (b)) = 0 =
hy dv 3)
_ 1(d2xk,-(v) d’y, (v) d%,-(v)) _ ‘dzn‘
i\ dv? v oavt ) dv?
b= h%(tf(v)xn(v)), hy = 10X n ()| (4)

The curve k5 is created by revolution of the point S, in the
distance d, from the origin of the coordinate system (O, x, y, z)
about any coordinate axis x, y, or z through the angle w, into the
point S5 (Fig. 1, i = 2 for, j = x, y, z). Angular velocity w, = m,v
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Fig. 1 Revolution of the point about axes x, y, z

of the point S, is m,-multiple of angular velocity w, = v of the
point S; The point S is transformed into the point R, in the coor-
dinate system (R,, #;, n;, b;). If we create a surface of the type
P5(u,v), where g = t (or g = n, or g = b), we will revolve the point
S, about the axis j = x, or j = y, orj = z. The revolution of the
point S, is represented by a matrix T(w,).j = x, y, z in (5), where
the parameter ¢, == 1 determines the right-turned or left-turned
revolution and the transformation of the point S} into the point
R, is represented by a matrix M,(w,) given by (5) [4]. The point
S,. will be situated always on any coordinate axis x, y, z.

1 0 0 0
0 cosw g¢gsinw 0O
T.(w) = o '
() 0 —gsinw, cosw, Of
0 0 0 1
cosw, 0 gsinw, 0
0 1 0o o0
T.(w) =
5 (w) —gsinw, 0 cosw; Of
0 0 0 1 5)
cosw, g¢gsinw 0 0
_|—¢gsinw, cosw, 0 0
L= " 0 10
0 0 01
a; b ¢ 0
a,; b; ¢ 0
M(w) = .
'(W) a; b ¢, 0
0001

The elements of the matrix M;(w,) in (5) are the coordinates
of unit vectors #7(v), n(v), b{v) of tangent ¢,, principal normal n;
and binormal b, in trihedron (R, ¢, n, b;), i = 1, 2, 3. Then the
vector function of the curve &5 is

rz(V) = (ku(V), ykz(V)’ Zkz(V)’ 1) = Sl . TZ1(W1) +

+ 8y . Tp(wy) . My(w,), j =X, ), 2. (6)
and S, = S,(d,, 0,0, 1) or S, = 5,00, 0, d, 1).

The trihedron (R,, t,, n,, b,) is determined in every point R,
€ k¥ by the tangent 7,, principal normal n, and binormal b, with

the unit vectors #,(v), n,(v), b,(v) expressed by equations (2), (3),
(4) fori = 2.

The curve k$" is created by revolution of the point Ry in the
distance d; from the origin of the coordinate system (O, x, y, z)
about any coordinate axis x, y, or z through the angle w; into the
point S} (Fig. 2, i = 3 for, j = x, y, z). Angular velocity w; =
= m,w, = m,m,v of the point S; is m,-multiple of angular veloc-
ity w, = m,v of the point S,. The point S’ is transformed into the
point R; in the coordinate system (R,, t,, n,, b,). If we create the
surface of type P§h(u,v), where i1 = t (or h = n, or h = b), we will
revolve the point S5 about the axis j = x, or j = y, orj = z. The
revolution of the point S5 is represented by a matrix Tj3(w;), j =
= X, », z, where the parameter g; =% 1 determines the right-
turned or left-turned revolution and transformation of the point
S into the point R5 is represented by the matrix M;(w;) by equa-
tions (5) [4]. The point S;.will always be situated on any coordi-
nate axis x, y, or z.

Then the vector function of the curve k§ "for j=x,y,zis
r3(v) = (30 iz (0, 2g3(v), 1) = Sy Ty (wy) +

+5,. sz(W2) - My(wy) + S5 T;3(W3) - M5(w3)

J=X0,z (7)

The trihedron (R;, t;, 3, bs) in every point R, € k5" is deter-
mined by the tangent #;, principal normal 75 and binormal b,
with the unit vectors #;(v), n5(v), b5(v) by equations (2), (3), (4)
fori = 3.

In Fig. 2 there is displayed a revolution of the point S, about
the coordinate axis z through the angle w, into the point R, where
its revolutionary movement creates the curve k,, revolution of the
point S, about the coordinate axis z through the angle w, into the
point S and its transformation into the point R,, where its revo-
lutionary movement creates the curve k%, revolution of the point
S5 about the coordinate axis z through the angle w5 into the point
S% and its transformation into the point R;, where its revolution-
ary movement creates the curve k£”. In the points R, R,, R; there
are displayed trihedrons (R, t,, ny, b,), (R, 15, 15, b,), (R5, 15, 3,
b3).

In Fig. 3 there are displayed for illustration only three combi-
nations of the curves k,, k5, k&, ky, k%, k™ and k,, k2, k2.
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The two-revolution cyclical surface of the type P5(u,v) is created
by translation of the circle ¢, = (R,, r,) along the curve k5 at an
angular velocity w, = m,v, where the circle is always in the plane
(n,, b,) if the index g = ¢, or in the plane (,, b,) if g = n, or in
the plane (,, n,) if g = b and its centre is the point R, € k5. We
will create it so that the circle ¢y, determined by the vector func-
tion ¢,(u) = (0, r, cos u, r, sin u, 1) if g = ¢, or cy,(u) = (r, cos u,
0, rysinu, 1) if g = n, or ¢o(u) = (r,cos u, 1, sinu, 0, 1) if g = b
we will transform into the circle ¢, in the coordinate system (R,,
1,, n,, by) using the matrix M,(w,) by equations (5) (Fig. 4). The
vector function of the cyclical surface of the type P5(u,v) is

P3(uy) = ry(v) + cop(u) . My(w,),
u €10, 2). v € (0, 2m). )

where r,(v) is the vector function of the curve 5 determined
by (6).

W

Fig. 3 Combinations of the curves k,, ki, k', k,, k%, k%" and k,, k2, k2.

3. Vector functions of cyclical surfaces of the type
P](ll,V), Pf(ll,l«'), Pgh(”;")

The cyclical surface of the type P,(u,v) is created by transla-
tion of the circle ¢; = (R,, r,) in the plane (n,, b;) along the curve
k, at an angular velocity w, = v. We will create it so that the circle
¢o; determined by the vector function ¢y, (u) = (0, 7, cos u, r, sin u,
1) will be transformed into the circle ¢, in the coordinate system
(Ry, t,, ny, by) using the matrix M,(w,) expressed by equations (5)
(Fig. 4).

The vector function of the cyclical surface of the type P,(u,v)

Py(uy) = r(v) + coi(u) . My(wy),
u €10, 2m). v € (0, 2m). (8)

where r,(v) is the vector function of the curve k, determined by
equation (1). This surface is surface of torus.

The three-revolution cyclical surface of the type P§h(u,v) is
created by translation of the circle ¢c; = (R;, r3) along the curve
k5 at an angular velocity w; = m,m,v, where the circle is always
in the plane (n5, b;) if the index 4 = ¢, or in the plane (¢5, b3) if
h = n, or in the plane (z5, n3) if & = b and its centre is the point
R, € k§". We will create it so that the circle ¢, determined the by
vector function cy;(u) = (0, r3 cos u, ry sin u, 1) if h = ¢, or
Cos(u) = (rycosu, 0, rysinu, 1)if h = n, or cy3(u) = (r3 cos u, ry
sinu, 0, 1) if # = b we will transform into the circle c; in the coor-
dinate system (Rj, t;, n;, by) using the matrix M;(w;) by equa-
tions (5). The vector function of the cyclical surface of the type
Pfh(u,v) is

PE"(uv) = r3(v) + co3(u) . Ms(w3),

u €10, 2n). v €0, 2m). (10)

where r;(v) is the vector function of the curve k5" determined by

(7).
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i=1,23
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gh=n
i=23

Fig. 4 Transformation of the circle c,; into the circle c;

4. Classification of cyclical surfaces of the type
PS(u,v), P$"(u,v)

The two-revolution cyclical surface of the type P5(u,v) can be
classified according to the index g:

Table 1: Classification of cyclical surfaces of the type P5(u,v)

g t

n

b

P(u,)

P (uy)

Py (u,y)

The three-revolution cyclical surface of the type P§’h(u,v) can

be classified according to the index g and 4:

Table 2: Classification of cyclical surfaces of the type P3'°’h(u,v)

g/h t n b
t Pi(u,) Pi"(u,) PiP(uy)
n P5'(uy) P5(uy) P(u,y)
b P2 (uy) P2"(u,v) P2 (u,y)

a)

5. Illustrations of cyclical surfaces of the type
Py(u,v), P§(u,v), P§"(u,v)

In Fig. 5 there are displayed three combinations of cyclical
surfaces of the type P(u,v), P5(u,v), Pi(uv) in fig. a), P,(u,v),
Pi(uy), PY"(uy) in fig.b), Py(u), Py(uy), P (u) in fig. c).

In Fig. 6 there are displayed three combinations of cyclical
surfaces of the type P,(u,v), P5(wu,v), P5(uy) in fig. a), P (u,v),
P(u,v), P5"(u,v) in fig. b), P,(u,v), P5(u,v), P'3’b(u,v) in fig. c).

In Fig. 7 there are displayed three combinations of cyclical
surfaces of the type P,(u,v), Pg(u,v), Pé”(u,v) in fig. a), P;(uv),
P5(u,v), P2"(w,v) in fig.b), P,(u,v), P(u,v), P3*(u,v) in fig. c).

The surfaces mentioned above can be used in design practice
as constructive or ornamental structural components.

The paper was supported by the grant VEGA 1/ 4002 / 07.

Fig. 5 Combinations of cyclical surfaces for g = t
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a) b) c)
Fig 7 Combinations of cyclical surfaces for g = b

References

[1] OLEJNIKOVA, T.: Straight-lines Spiral-rotary Planes (in Slovak), Proc. of 26. konference o geometrii a pocitacove grafice, 2006,
Nove Mesto na Morave, CR, 2006, p. 15-28, ISBN 80-7040-902-9.

[2] OLEJNIKOVA, T.: Straight-lines Spiral-rotary Planes II (in Slovak), Proc. of 6th International Conference APLIMAT 2007,
Bratislava, 2007, p. 231-236, ISBN 978-80-969562-4-1

[3] KOHOUT, V.: Differential Geometry (in Czech), SNTL-Publishers of Technical Literature, Praha, 1971.
[4] GRANAT, L., SECHOVSKY, H.: Computer Graphics (in Slovak), SNTL - Publishers of Technical Literature, Bratislava, 1974

76 ¢ COMMUNICATIONS 3/2008





