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1 Introduction

The linear elliptic-surface of revolution is generated by a straight
line revolution around the revolution axis o moving on the ellipse
k and it has the specified direction with respect to the ellipse and
one point R � a � k lies on the ellipse k. We can create the cor-
responding metrical transformation for this revolution by the com-
position of three-dimensional transformations, a revolution and
displacement. We can represent this transformation by a regular
square matrix of 4th dimension whose elements are the real func-
tions of one variable

T(�) � � � .

We may express the vector equation of this revolution surface
as a product of the vector function of the straight line p r(t) �
(x(t) y(t) z(t) 1) , t � 
��, ��� and the corresponding transfor-
mation matrix T(�) : p(�, t) � r(t) . T(�) .

2 Classification of surfaces

The above described linear revolution surfaces may be classi-
fied according to the relative positions of the revolution axis o and
the ellipse k � (0, a, b) � xz with parametric equations

x � a cos �
y � 0          , � � 
0, 2��
z � b sin �

to the five subgroups:
I. o � z (z – minor axis of ellipse k),

II. o � x (x – major axis of ellipse k),
III. o � n (n – a normal to the ellipse k),
IV. o � t (t – tangent to the ellipse k),
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V. o � y (y – perpendicular to the plane xz).

In case of I – IV subgroups, the revolution axis o lies in the
plane of ellipse k � xz ⊥ y and these surfaces are of the spherical
(when o � y) or Euler type (when 0 / y), in case of V subgroup the
axis of revolution o is perpendicular to the plane of the ellipse o ⊥ xz
and these surfaces are of the cycloidal type.

Next, these surfaces may be classified according to the rela-
tive position of the straight line p and the revolution axis o:
a) cylindrical p � o (parallel),
b) conical p � o (concurrent),
c) hyperbolical p / o (skew).

2.1 Surfaces of the subgroup I (o is parallel to the minor
axis of the ellipse k)

We will formulate the transformation matrix of the revolution
surface, which is created by a revolution around the axis o � z as
a product of matrices, which represents the displacement parallel
to the vector (�a, 0, 0), the revolution through the angle �	 � � m�,
� � 
0, 2�� about the coordinate axis z and displacement parallel
to the vector (a cos �, 0, b sin �), where the addition sign (�) is
in the case of equal orientation, the minus sign (�) is in the case
of different orientations of the line p revolution and the axis o
motion, the coefficient m is a multiple of the radian frequency of
the axis o motion of

T(�) � � � .

If the straight line p parallel to the axis o (Fig. 1) is determined
by the point A(xA , 0, 0), where xA � a, then its vector equation is
r(t) � (xA, 0, t, 1) . In Fig. 2 the surface of the cylindrical type for
a sign (�) of orientation of motions and for m � 6 is shown.
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If the straight line p concurrent to the axis o is determined by
the point A(a, y4, zA), and the distance v of the point C � p � xz
from the axis x, v � Cx, we will express it by the vector equa-
tion r(t) � (a, yA(1 � t), tv, 1) (Fig. 3).

If p ⊥ o, p ⊥ x, then the surface includes an ellipse k and two
congruent ellipses located in mutually perpendicular planes (Fig.
5). For p ⊥ o, p � x, the surface is elliptic conoid of 4th degree,
where the generating line is perpendicular to the plane of the gen-
erating ellipse (Fig. 6).

The straight line p skew to the axis o (Fig. 3) is given by the
point A(xA, yA, zA), xA � a and by distance of the point C � p � xz
from the axis x, v � Cx � 0. We can express the straight line p
by the vector equation r(t) � (xA, yA(1 � t), zA � t(v � zA), 1).
Surfaces of the hyperbolic type for m � 1 and m � 3 are shown
in Figs. 7, 8.

2.2 Surfaces of the subgroup II ( o is parallel to the 
major axis of the ellipse k )

We will formulate the transformation matrix of the revolution
surface where o � x as a product of matrices, which represent the
displacement parallel to the vector (�a, 0, 0), the revolution through
the angle �	 � � m� , � � 
0, 2�� about the coordinate axis x and
displacement parallel to the vector (a cos �, 0, b sin�)

T(�) � � � .

If the straight line p is parallel to the axis o (Fig. 9) and given
by the point A(xA, yA, zA), yA � 0, its vector equation is r(t) �
� (xA(1 � t), yA, zA, 1). In Fig. 10 the surface of the cylindrical
type for a sign (�) of orientation of motions and is shown.

If the straight line p is concurrent to the axis o (Fig. 11), given
by the points A(xA, 0, zA) and C(a, 0, 0), then it creates the surface
of the conical type, which is in Fig. 12 for m � 5 and for sign (�)
for the orientation of movements. Because the point C � a � k,
then the surface contains the ellipse k.

If the straight line p is skew to the axis o (Fig. 13), given by
the points A(xA, yA, zA) and C(a, yA, 0), then it creates the surface
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of the hyperbolical type, which in Fig. 14 for m � 3 and for a sign
(�) for the orientation of movements is shown.

2.3 Surfaces of the subgroup III (o is a normal to the
ellipse k)

We will formulate the transformation matrix of the revolution
surface with the axis o � n as a product of matrices which repre-
sents the displacement parallel to the vector (�a, 0, 0), the revo-
lution through the angle �	 � � m� , � � 
0, 2�� about the
co-ordinate axis x, the displacement parallel to the vector (d, 0, 0),
where d � O	 R, O	 � n � x, the revolution through the angle
�� about the coordinate axis y and displacement parallel to the
vector (d	, 0, 0), d	 � O O	 (Fig. 15)

T(�) � � �
where �� � �arcos , � for � � 
0, ��,

� for � � 
�, 2��, d � �
a

b
� 	a2 sin2� � � b2� cos2 �� , 

d	 � �
a2 �

a

b2

� cos � .

The direction vector of the tangent is t(�a sin�, 0, b cos �),
the direction vector of the normal is n(�b cos �, 0, � a sin�).
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The straight line p parallel to the axis o (Fig. 16) and given by
the point A(a, yA, 0) creates the surface of the cylindrical type for
the sign (�) for orientation of motions and for m � 5 which is
shown in Fig. 17.

The straight line p concurrent to the axis o creates the surface
of the conical type (Fig. 18). If p ⊥ o p � xz and xA � a, the
straight line p is a tangent to the ellipse k and it creates the surface
of the conical type (Fig. 19).

The surface of the hyperbolical type created by p/o for m � 4
and equal orientation of the movements is shown in Fig. 21.

2.4 Surfaces of the subgroup IV (o is a tangent to the
ellipse k)

We will formulate the transformation matrix of the surface
created by a revolution for o � t as a product of matrices, which
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represents displacement parallel to the vector (�a, 0, 0), the revo-
lution through the angle �	 � � m�, � � 
0, 2�� about the coor-
dinate axis z, displacement parallel to the vector (d, 0, 0), where
d � O	 R, O	 � n � x the revolution through the angle ��
about the co-ordinate axis y and displacement parallel to the
vector (d	, 0, 0), d	 � O O	 (Fig. 15)

T(�) � � �
where u1 � (�a cos �	 � d) cos �� � d	, u2 � (�a cos �	 � d)sin ��,

�� � �arcos , � for � � 
0, ��,

� for � � 
�, 2��, d � �
a

b
� 	a2 sin2� � � b2� cos2 �� , 

d	 � �
a2 �

a

b2

� cos � .

The straight line p � o (Fig. 22) creates the surface of the cylin-
drical type (Fig. 23). The straight line p � o creates the surface of
the conical type (Fig. 24) and the straight line p / o creates the
surface of the hyperbolical type (Fig. 25).

2.5 Surfaces of the subgroup V (o is perpendicular to
the plane of ellipse xz)

We will formulate the transformation matrix of the surface
created by a revolution of straightline p around axis o ⊥ xz as
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a product of matrices, which represents the displacement parallel
to the vector (�a, 0, 0), a revolution through the angle �	 � � m�,
� � 
0, 2��, about the coordinate axis y, displacement parallel to
the vector 

T(�) � � � .

The straight line p parallel to the axis o creates the surface of
the cycloidal type and �-curves of this surface are similar to epicy-
cloids or hypocycloids, i.e. the curves which are created by roll
a circle along ellipse. The surface in Fig. 26 is of the epicycloidal
type, where orientation of the motions is equal and surface in Fig.
27 is of the hypocycloidal type, where orientation of the motions
is different.

The surface of the conical type, which is created by the straight
line p concurent to the axis o and has the sign (�) for orientation
of motions, is the surface of the epicycloidal type (Fig. 28). The
surface for the sign (�) is the surface of the hypocycloidal type
(Fig. 29).
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The surface of the hyperbolical type, which is created by the
straight line p skew to the axis o and has the sign (�) for orienta-
tion of motions is the surface of the epicycloidal type (Fig. 30),
the surface for the sign (�) is the surface of the hypocycloidal
type (Fig. 31).

3. Conclusion

We searched the group of linear revolution surfaces which
were generated by a straight line revolution with a revolution axis
of moving in contact with a curve. We specified the ellipse as
a generating curve, which lies in the plane xz, its center is congru-

ent to the origin O of coordinate system and its major axis is con-
gruent to the axis x, the minor axis is congruent to z.

The coordinate axis y is perpendicular to the ellipse plane xz.
If we search relative positions of the axis o and coordinate axis y,
we can classify these surfaces by three subgroups. The first sub-
group contains surfaces of the spherical type with above mentioned
concurrent lines, the second subgroup contains surfaces of the
Euler type with above mentioned skew lines and the third subgroup
contains surfaces of the cycloidal type with above mentioned par-
allel lines. The surface-type also changes depending upon relative
positions of the straight line p and the axis o. For better visualiza-
tion, only particular segments of each surface displayed.

This work was solve by the Grant VEGA 1/4002/07.
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