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STOCHASTICKE CASOVE RADY A MOZNOSTI ICH VYUZITIA
PRI URCOVANI VYBRANYCH MODALNYCH CHARAKTERISTIK

MECHANICKYCH KONSTRUKCII

STOCHASTIC TIME SERIES AND POSSIBILITIES OF THEIR USE FOR SELECTED MODAL
CHARACTERISTICS DETERMINATION OF MECHANICAL STRUCTURES

Prispevok je venovany mozZnosti vyuzitia matematického apardtu
teorie stochastickych casovych postupnosti k popisu a modelovaniu
stochastickych dynamickych systémov so zvldsStnym zameranim na
systémy mechanické. Jeho cielom je strucne charakterizovat zdakladné
pojmy a vztahy matematického apardtu tedrie stochastickych caso-
vych radov, popis algoritmu urcenia Statisticky adekvdtneho diskrét-
neho modelu stochastického dynamického systému, odvodenie
suvislosti medzi parametrami diskrétnych a spojitych modelov a nazna-
Cenie moznosti aplikdcie uvedeného pristupu pri urcovani niektorych
moddlnych charakteristik mechanickych konstrukcii.

1. Uvod

Jednym z mozZnych spdsobov analyzy komplexnych dynamic-
kych systémov, bez straty presnosti a bez nutnosti pouZitia kom-
plikovaného matematického aparatu, je pozorovanie systému pocas
jeho cinnosti a vyuzitie nim produkovanych udajov k jeho analyze.
Takto analyzované systémy nazyvame ddtami urcené systemy (DUS).
To znamena, Ze nepotrebujeme vedief ni¢ o Struktire systému
a vSetky zavery a vysledky st zaloZené iba na pozorovanych hod-
notach.

Udajmi uréené systémy su prezentované subormi vystupnych
spojitych signalov, ktorych diskretizaciou s konstantnym interva-
lom diskretizacie mozno ziskat postupnost udajov (hodnot), ktora
predstavuje podklad pre popis a analyzu skimaného systému.
Pritom hlavnym cielom je ziskanie mozZnosti predikcie a ovplyv-
nenia spravania sa systému, ¢o mozZe predstavovat jednoduchu
prevenciu, aby sa systém nedostal do nezZelateIného stavu [1].

K popisu DUS je mozné s vyhodou vyuZit autoregresné modely
s kizavymi priemermi tzv. ARMA modely. Ich vyhodou su hlavne
precizne formulované Statistické kritéria a pomerne jednoduchy
matematicky aparat Statistickej regresnej analyzy a testovania Sta-
tistickych hypotéz. Ich nevyhodou je komplikovanost programov
identifikacie aj napriek ich jednoduchému matematickému aparatu
a teda ich naro¢nost na pocitacovy Cas. Preto su vhodné iba k off-
line identifikacii a modelovaniu dynamickych systémov a ich
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The paper deals with the possibilities of using mathematical
apparatus of a stochastic time series for stochastic systems description
and modeling, especially mechanical ones. Its purpose is to briefly
characterise fundamental terms and equations of mathematical
apparatus of time series, to describe the algorithm of a statistically
adequate discrete model of a stochastically dynamic system to develop
relationship between parameters of discrete and continuous models
and to show some possibilities of developed strategy applications for
solution of selected modal characteristics of mechanical structures.

1. Introduction

One possible way of complex systems analysis without loss of
accuracy and without necessity of complicated mathematical appa-
ratus utilisation is the observation of a system during its work and
utilisation of produced data to its analyses. We call such an ana-
lysed system Data Dependent Systems (DDS). It means that we do
not need to know anything about composition of the system and
all analysis and conclusions are made just based on the observed
system output.

Data Dependent Systems are represented by sets of continu-
ous output signals gets a series of data (values) which forms a base
for description and analysis of the investigated system. The main
goal is to get a possibility of system behaviour forecasting and
eventually influencing its behaviour not to get the system in any
unwanted state [1].

For a description of DDS, one can use AutoRegressive Moving
Average Models - ARMA models. Their advantages are precisely
formulated statistical criteria and relatively simple mathematical
apparatus of statistical regressive analysis and testing of statistical
hypothesis. Their disadvantages are complications of identification
procedures and time-consuming computer calculations despite
relatively simple mathematical apparatus. Therefore, they are sui-
table only for off-line dynamic systems identification and modell-
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hlavna aplikacia pri predpovedani stavov dynamického systému
v buducnosti je mozna iba pri systémoch stacionarnych, pri ktorych
sa charakter systému s Casom nemeni.

V uvodnej kapitole prispevku su uvedené zakladné pojmy,
vztahy a charakteristiky teorie stochastickych ¢asovych postupnosti,
ako aj suvislosti s CastejSie vyuzivanym aparatom autokorelaénych
funkcii a spektralnej analyzy. Tretia kapitola je venovana algo-
ritmu urcenia Statisticky adekvatneho modelu zadanej Casovej
postupnosti a podmienkam posudenia adekvatnosti radu ARMA
modelu. Vo §tvrtej kapitole je na jednoduchej mechanickej sustave
demonsStrované odvodenie suvislosti medzi parametrami diskrét-
nych a spojitych modelov a zovSeobecnenie zistenych zavislosti.
V posledne;j kapitole je stru¢ne nazna¢ena moznost vyuZitia uve-
deného teoretického pristupu k urcovaniu vlastnych frekvencii,
relativnych tlmeni a tvarov kmitov ¢asti mechanickych konstruk-
cii.

2. Zakladné pojmy a vztahy

Zakladnou myslienkou autoregresného vyjadrenia diskrétneho
stacionarneho stochastického procesu (obr. 1.) je vyjadrenie
zavislosti kazdej okamzitej hodnoty procesu X, nie ako funkcie
Casu, ale ako funkcie hodnot predchadzajucich [2].

Najjednoduchs§im typom zavislosti je potom linearna zavislost
okamZitych hodndt X, od hodnot bezprostredne predchadzaju-
cich X,_, typu

X=a - -X_,+e, (1
ktora popisuje tzv. autoregresny model 1. rddu, oznacovany dalej
AR(1).

Skutocne, ak sa vy-
nesie do grafu (obr. 2)

051
zavislost X, = f(X,_,)
pre priebeh procesu  X(t) 0
z obr. 1, je z priebehu

051

hodnét zrejmy linearny
trend. To znamena, Ze 1)
mieru zavislosti - a; si-
Casnych hodnét X, od
hodnét predchadzajicich
X,_, moZno ur¢it aplika-
ciou metddy najmensSich
Stvorcov, minimalizuji-
cou sucet Stvorcov od-
chylok.

Tento pristup je moz- -1
né zovseobecnit na zavis-
lost hodnot X, od pred-
chadzajucich n hodnot,
ktori popisuje autore-
gresny model n-tého rddu
- AR(n) v tvare:

Obr. 1. Priklad diskretizovaného staciondrneho stochastického procesu
Fig. 1. An example of discrete stationary stochastic process

Obr. 2. Priebeh zavislosti X, = f(X,_,)
Fig. 2. The course of dependence of X, = f(X,_,)

ing and their main application - forecasting of dynamic system
behaviour is suitable just for stationary systems, which do not
change their parameters with time.

In the opening chapter of the paper the principal terms, rela-
tionships and characteristics of time series theory are introduced
as well as some coherence to the better known apparatus of auto-
correlation functions and power spectral density. The third chapter
deals with an algorithm of a statistically adequate order of given
time series and with conditions of tests of adequate ARMA model
order. The fourth chapter shows an example of the simplest mecha-
nical dynamic system to characterise the relationships between
parameters of discrete and continuous models and their abstrac-
tion. Possibility of proposed method utilization is shown in the
last chapter. It conserns mode informations as natural frequen-
cies, relative dampings and mode structures of tested mechanical
structures.

2. Principal conceptions and relationships

The principal idea of an autoregressive expression of a disc-
rete stationary stochastic process (Fig. 1) is to express dependence
of each immediate value of process X, not as a function of time but
as a function of former values [2].

Therefore, the simplest type of dependence will be the linear
dependence of immediate values X, on immediate previous values
X,_, of type

X=aX_,+e€, (D
which describes a so called autoregressive model of I order, next
signed AR(1).

Really, if one tries
to express dependence
(Fig. 1) X, =f(X,_)
graphically jets clear
linear trend (Fig. 2). It
means that measure a,
of dependence of im-
mediate values X, a pro-
ceeding ones X,_; can
be determined using
a linear least square
procedure which mini-
mises the sum of devia-
tion squares.

Time

This approach can
be generalised by de-
pendence of immediate
X, values on former n
values, which can be
described as autoregres-
sive model of n-th orders
- AR(n) as

9) + KOMUNIKACIE / COMMUNICATIONS 2-3/2001



X=a - -X_,+ay, X, ,+..+a, X,_,+¢. 2)

Zakladnym predpokladom pre adekvatnost modelov AR(n) je
Statistickd nezavislost nahodnych odchylok e,, ktoré musia vytvarat
nekorelovanu postupnost. V pripade, Ze tento predpoklad splneny
nie je a plati, Ze €, je zavislé od €, _ |, €,_,, ... modely Cisto auto-
regresné prechadzaju do tzv. modelov autoregresnych s kizavym
priemerom - ARMA(n,m). Modelmi ARMA je mozné vyjadrit
podstatne komplexnejSi charakter vnutornych zavislosti procesu
a ako ukazeme v dalSom, ich parametre maju uzky suvis s fyzi-
kalnymi principmi skamanych procesov [2],[5].

Vseobecnym typom ARMA zavislosti je model n-tého radu

v autoregresnej Gasti a (n—1) radu v Gasti kizavého priemeru -
ARMA(n,n-1) popisany vztahom

X, X,

—ap X —apy Xy~ a0 X,
pre ktory sa predpoklada, Ze rezidualne odchylky €, majii normalne
rozdelenie s nulovou strednou hodnotou a disperziou o2 tzn.

(e, =N(0.02).

Zakladnymi charakteristikami ARMA modelov je funkcia
impulznej odozvy tzv. Greenova funkcia, pomocou ktorej je mozné
vyjadrit podmienky stability modelov a inverznd funkcia, ktora
popisuje dynamiku modelu vyjadrenim vplyvu minulych hodnét
procesu na sucasné [7].

Pre ich jednoduchsie vyjadrenie je vyhodné zaviest tzv. operd-
tor spdtného posunutia B, vo vieobecnom tvare definovany ako

B-X,=X,,, prip. Bj'Xt =X

=
a vyuzitim ktorého je mozné prepisat vSeobecny ARMA(n,n-1)
model z rovnice (3) na tvar

(1-a,-B—a,B>—..—a, B") - X, =

Greenova funkcia G, diferencnej rovnice (4) sluZi k vyjadre-
niu hodndt procesu X, ako linedrnej kombinacie odchylok e,

o

ZG/' €— =

J=0

X;

Podobne mozno vyjadrit X, ako linearnu kombinaciu hodnot
predchadzajucich. Funkciu koeficientov /; v tomto rozklade volame
sinverznd funkcia” a je definovana ako

X, =X )+e=1 X +L-X o+.+1-X ,+e, pip. =1 -1 B—1L B —.) X,
Jj=1

Podmienka stability modelu ARMA(n,n-1) je vSeobecne v tvare
A O< 1, pre k =1, 2, ..., n akde A, su korene charakteristickej
rovnice lavej strany vztahu ( 3 ) v tvare

0.

n

@)

NM—a N =g, N2 — . —a

=€~

(iGI . Bj) ‘€
=0
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X=a-X_,+a, X, ,+..+a, X,_,+E¢. (2)

The basic presumption of the adequacy of AR (n) model is the
independence of stochastic values €,, which must form an inde-
pendent series. If this presumption does not apply, it means that
€ dependson €, |, € _,, ... etc. The pure autoregressive models
change to Autoregressive Moving Average Models - ARMA, generally
of (n, m) order. With the use of ARMA models one can express
more complex types of internal dependencies, and as it will be
shown further, their parameters have a very narrow dependence
on the physical principal of followed processes [2], [5].

A general type of ARMA dependence is a model of n-th order
in an autoregressive part and (n—1)-th order in moving average
part - ARMA (n, n-1) described by

by €y by €y~ by s 3)
one can suppose, that residual deviations €, are of normal distri-
bution of probability with zero mean and dispersion of af

(e, =N(0,02))..

The basic characteristics of ARMA models are impulse response
function - so called Greens function which can express conditions
of stability of models and inverse finction describing dynamics of
models by expression if influence of former values of the process
on the present ones [7].

To express it more simply we can introduce a back shift ope-
rator B in general mode defined as

B-X,=X_, or B-X,=X,

and using this the general ARMA (n, n-1) model form from
equation (3) gets the form

(1—b,B—by-B—..—b,_,- B -e. (4)

Greens function G of difference equation (4) can be used to
express values of X, as a linear combination of deviations of ¢, as

=(Gy+ G, -B+G, B+ .) €. (5)

Similarly, the value of X, can be expressed as a linear combi-
nation of former values. Function of coefficients /; in this expres-
sion is called ,,inverse function“ which is defined as

(6)

The condition of stability of ARMA (n, n-1) is generally in
form (A, O< 1, for k = 1, 2, ..., n where A, are roots of characte-
ristic equation on the left-hand side of equation (3) in the form of

0.

n _ an—1 _ A2 _
A —a; - X a,* A . a,

@)
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Podobne podmienka invertibility je definovana v tvare [y, < 1,
pre k =1,2,...,n—1akde vy, su korene charakteristickej rovnice
pravej strany vztahu (3) v tvare

vl —b v = —b,_; =0. (8)
Prostrednictvom Greenovej funkcie mozno odvodit implicitné

vyjadrenie diskrétnych hodndt autokorelacnej funkcie (AKF) vse-
obecného ARMA(n,n-1) modelu v tvare [3], [5]

Ry=a R +a, R, +..+a, R, + (1 —b -G —b, G, — ...
Ry=a,-Ry+a, R +..+a, R, | +(—b, —

Rn—l
R.=a R, +a, R._,+..ta, R._,

Spektralnu vykonovi hustotu (SVH) potom mozno urcit
znamym spdsobom ako Fourierovu transformaciu AKF, alebo jed-
noduchsim spdsobom priamo zo vzfahu [4]

=a,"R, s +a,"R, 5+..+a, R —b

n—1

(E[-(n—l)-m_bl,Ez-(n—2)~w_

Similarly, we can define a condition of invertibility in form
< 1,fork=1,2,..,n—1 where vy, are roots of characte-
ristic equation on the right-hand side of relationship (3) in form of

vl = b v = = b, =0. (8)

Using Greens function one can develop an implicit expression
of discrete values of autocorrelation function (ACF), which
becomes the form [3], [5] of

- bn*l ' Gn*l) ' 0'3
by Gy = o= byyGyy) 0'2
)

2

o

fork=n

Power spectral density (PSD) can be determined using Fourier
transform of ACF or in a simpler way, directly [4] from the
formula

= b,_)?

S(w) = a?-

ktory plati pre w v intervale [(—7/Af) = w < (+7/Ar)], kde At
je interval vzorkovania.

Vhodnejsi odhad spektra cez celé frekvenéné pasmo je taktiez
mozné ziskat z modelu spojitého, ako je ukazané napr. v [5].

3. Algoritmus urcenia Statisticky adekvatneho
diskrétneho modelu

V stlade so zavermi predchadzajicej kapitoly je mozné si za
ciel identifikacie stanovit urenie radu # Statisticky adekvatneho
modelu ARMA (n, n-1), vypocet koeficientov lavej a pravej strany
rovnice (ay, a,, ..., a,, by, by, ..., b,_;) a sucet Stvorcov rezidudl-
nych odchylok Zef prip. ich rozptylu o-ﬁ.

Vzhladom na potrebu rekurentného ur€ovania odchylok €, od
pociatku je vysledny vztah z hladiska koeficientov nelinearny
a preto je potrebné k ich urCeniu aplikovat nelinedrnu metédu
najmensich stvorcov, zalozenu na niektorom z iteraénych postupov
uréenia minima suctu Stvorcov odchylok. Zvlastny pripad identifi-
kacie tvoria Cisto autoregresné modely typu AR(n), pretoZe pre
urcenie ich parametrov je vhodna linedrna metéda najmensich
Stvorcov. Hladany vektor koeficientov a = [a,, 4y, ..., a,]” autore-
gresného modelu AR(n) sa urci ako rieSenie sustavy rovnic

(€1~n-wial'€l'(ﬂ*1)'¢0,

) 10
= a,)? (10)
which holds for w in interval [(—7/Af) < w < (+7/Ar)], where
At is a sampling interval.

One can get a better estimate of power spectra through the
whole frequency band from continues model as it is shown in [5].

3. Algorithm of statistically adequate discrete
model determination

As indicated in the former chapter, the aim of identification
is to determine order n of statistically adequate model ARMA (n,
n-1), coefficients on the left and right-hand side (a;, a5, ..., a,, b;,
by, ..., b,_;) and sum of squares of residual deviations Zef (or
their dispersion aﬁ).

Because of the necessity of recurrent determination of devia-
tions €, from the start, the result is from the point of view of non-
linear coefficients. It is necessary to apply a non-linear least square
procedure looking in interactive steps for the minimum of sum of
squares. A special case of identification, therefore, forms pure
autoregressive models of n-th orders AR(n) because determina-
tion of its parameters a linear least squares procedure is suitable.

One gets the searched vector of coefficients a = [a,, a,, ...,
an]T of AR(n) model as a solution of matrix equation

S-a=T, (11) S-a=T, (11)
kde S =X7-XaT=X"-Y, pricom where § = X7 Xand T= X7 - ¥, while
X: Xn*l Xl Xn+l Xn Xn*] Xl Xn+l
Xn+1 Xn X2 Xn+2 Xn+1 n XZ Xn+2
X= , Y= . , X= Y= . ,
XN*I XN72 XN*n XN XN*I XN*Z Xan XN
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kde N je pocet hodnot postupnosti. Hladany rozptyl Uﬁ sa potom
ur¢i pomocou vyrazu

1 N
Z X—a "Xy —ay-

0'2:
€
N-—n t=n+1

Dalsi postup pri identifikacii, tzn. uréenie optimalneho radu
n modelu AR(n), je potom analogicky ako pri vSeobecnych mode-
loch ARMA (n,n-1) a je popisany v dalSom, prip. v [4].

3.1 Urcenie pociatoéného odhadu parametrov

Hlavnym problémom pri rieSeni efektivneho algoritmu identi-
fikacie modelu ARMA (n,n-1) je pociatocny odhad parametrov
modelu (a,, ay, ..., a,)?, (b, by, ..., b,_)® tak, aby bola zabez-
peCena konvergencia pouzitej iteracnej metody ich spresinovania
a aby potrebny pocet iteracnych krokov nebol prili§ vysoky.

Z viacerych preverovanych metdd [5] sa najefektivnejSou
ukazala metdda zaloZena na vyjadreni inverznej funkcie. Vztahy
pre vektory koeficientov st linearne pre kazdy typ modelu ARMA
(n, n-1). Ak teda vyjadrime vSeobecny model ARMA (n,n-1)
v operatorovom tvare (4) a za €, dosadime v stlade s definiciou
inverznej funkciee, = (1 =1, B — I, * B - ...) - X,, potom z rov-
nosti operatorov vyplyva sustava rovnic

a,=b, +1,
a,=b,—b, -1, +1,
ay=by—b L+ b, I, + L5 (13)

a=b—b Ly +by-[_,+.+b_ -1, +1]
pre vietky j a za predpokladu, ze b, = 0 pre > n—1)aa; = 0
pre (j > n) pre model ARMA(n,n-1). Pre (j > n) potom plati vztah
(1=b,-B=by-B—..—b, -B - [=0. (14)
Z toho vyplyva, Ze z rovnic (13) a (14) je mozné urcit parametre
a; a b;, ak su zname hodnoty inverznych funkcii /;. K ich urceniu
je mozné vyuzit Cisty autoregresny model, pre ktory zo sustavy
rovnic (13) plati L =a;, prej = ,2,...,pa I, =0, prej > p.

Postup urcenia pociatoéného odhadu parametrov a, b v§eobec-
ného ARMA(n,n-1) modelu je potom nasledovny:

a) urcenie parametrov a; modelu AR(p) pre p = 2 - n—1 a tym aj
hodnét inverznych funkcii 1,, I, ..., I,, |,

b) urcenie vektora parametrov kizavého priemeru b; zo sistavy line-
drnych rovnic ziskanych rozpisanim rovnice (14) pre j = n+1,
n+2, .. 2n—1,

C) urcenie vektora autoregresnych parametrov a; dosadenim za para-
metre kizavého priemeru b; do siistavy rovnic (13).

3.2 Kritérium adekvatnosti modelu ARMA (n, n-1)

Na postdenie adekvatnosti zvoleného radu » ARMA modelu
(prip. AR modelu) bol zvoleny postup Statistického testovania
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where N is length of time series. Searched dispersion Uﬁ can be
found as
1 N

—2 7 _an.)(t*n)z :mz E?.

=n+1

(12)

Further steps in an identification procedure (determination
of an optimum order » of AR(n) model) are similar to that of
general ARMA(n,n-1) model, which is shown in the next chapter
or in [4].

3.1 Determination of starting guess of parameters

The problem in the solution of effective identification
algorithm of ARMA (n, n-1) model is the guessing of (a;, a,, ...,
a,)®, (b, by, .., b,_ ) values to ensure convergence of the
used iterative method and not too big a number of iterative steps.

Far best of the tested methods [5] is the one based on expres-
sion of the inverse function. These formulas are then linear for
each type of ARMA (n, n-1) model. Using general ARMA (n, n-1)
in operator form (4) and for €,’s giving such a definition of inverse
functione, = (1 — [, - B— I, - B—.) - X,, comparing values by
same powers of operators one gets system of equations as

a,=b+1,
ay=b,— b "I, +1,
ay=by—b - L+by I, +1L; (13)

a,=b; —

J J

by D +by Dyt .tb I+,

which holds for each j, knowing, that b, = 0 for (j > n—1) and
a; = 0 for (j > n) for ARMA (n, n-1) model. Then for (j > n) is
(1=b,-B=b,-B—..—b, -B"H-,=0. (14)
It means that from equations (13) and (14) it is possible that
parameters a; and b; one can determine knowing values of inverse
functions I;. To solve the pure autoregressive model AR (p) can
be used for a system of equations (13) is /; = a;, forj = 1, 2, ..., p
and [; = 0 for (j > p).
Procedure of an initial guess of parameters a;, b; of general
ARMA (n, n-1) model is then as follows:
a) Solutions of parameters a; of an AR(p) model where p = 2 -
n—1 and values of inverse functions I; simultaneously.
b) Determination of moving average parameters b; by solving set of
linear equations using equation (14) forj = n+1,n+2, ..., 2n—1.
) Determination of autoregressive parameters a; using set of equa-
tions (13) and then parameters b,.

3.2 Criterion of ARMA (n, n-1) model adequacy

To judge adequacy of chooses order n of ARMA (n, n-1) model
(eventually AR(n) model) the procedure of statistical hypothesis
testing was used. The test of model adequacy is in a principle the
test of statistical independence of deviations ¢,.
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hypotéz. V principe spociva kontrola adekvatnosti modelu na tes-
tovani Statistickej nezavislosti odchylok e,.

Zvoleny bol standardny F-test Statistickej vyznamnosti rozdielu
medzi dvoma vyberovymi rozptylmi, upraveny ako test Statistickej
vyznamnosti poklesu suctu Stvorcov odchylok. Ak sa ma urcit, ¢i
u regresného modelu, ktory ma r parametrov, moze s z nich byt
povaZovanych za nulové pri N pozorovaniach, testovacie kritérium

je v tvare
Ay — 4,

F= 4 (15)

kde A, je sucet Stvorcov odchylok vysSieho radu modelu a 4, je
sucet Stvorcov odchylok modelu poévodného.

Vypocitana hodnota F sa porovna s hodnotou F,,;, ur¢enou
z tabuliek F - rozdelenia pre (N—r) a s stupfniov volnosti a zvolenu
hladinu vyznamnosti (obvykle 95 %). Ak plati, ze F> F,,,
(s, N—r)y 95, potom pokles stictu Stvorcov odchylok pri prechode
z modelu nizSieho na vyssi, bol Statisticky vyznamny a povodny
model nebol vhodny. Naopak, ak plati, ze F < Fy,;(s, N=r)yos,
potom pdvodny model bol statisticky adekvatny na danej hladine
vyznamnosti a prechodom na vyssi model sa nedosiahne zlepSe-
nie vysledkov [5].

3.3 Algoritmus urcenia optimalneho modelu

Vyuzitim vysSie uvedenych zavislosti a vztahov mozno algorit-
mus urcenia optimalneho modelu ARMA (n,n-1) popisat nasle-
dovne [5]:

1. Urcenie parametrov modelu ARMA (2n,2n—1) pre n = 1 a siictu
stvorcov odchylok Ay = > €.

2. ZvySenie rddu n o jedna a opdtovné urcenie parametrov modelu
ARMA (2n,2n—1) a jeho siictu Stvorcov odchylok A,.

3. Testovanie vyznamnosti poklesu siictu Stvorcov odchylok AA =
Ay — A,. Vpripade, ak je pokles Statisticky vyznamny, pokracuje
sa bodom 2, ak nie - Statisticky adekvdtny bol model pévodny.

4. Kontrola parametrov a,,, b,,_,, ci je ich hodnota blizka nule,
prip., ¢i ich interval spolahlivosti obsahuje nulu. Ak nie, model
ARMA (2n, 2n—1) je vhodny.

5. Ak ay,, by, st nulové alebo blizke 0, urcenie parametrov
modelu ARMA (2n—1, 2n—2).

6. Kontrola parametrov b; kizavého priemeru modelu ARMA (2n—1,
2n—2) a ak su niektoré z nich blizke nule, vytvorenie modelu
ARMA (2n—1,m) pre m < (2n—2) a urcenie jeho parametrov

Uvedeny algoritmus bol vyuzity aj pri spracovani programu
ARMAGET pre Windows 95/NT, ktory bol vytvoreny na praco-
visku autora. Uvedeny softvér je 32 bitova aplikacia vytvorena vo
vyvojovom prostredi DELPHI a pracujuca pod operacnym systé-
mom Windows 95 alebo NT.

Obsahuje uzivatelské menu, ktoré okrem zakladnych funkcii
so siiborom, konfiguracnych nastaveni, prace s oknami a funkciami

The standard F-test of statistical significance of two sample
differences was chosen and this test was modified as a test of a sta-
tistically significant decrease of the sum of squares. If one has to
specify when a regressive model with r parameters can be s of
them counted as zero having N observations, the test criterion
becomes form as

Ao B Al
s
F= 4, )
N—r

(15)

where A4, is sum of squares of higher order model, 4, sum of
squares of initial model.

Resulting value of F'is to be compared to value of F,,;, found
in the table of critical values of F - distribution for (N—r) and s
degrees of freedom and chosen level of probability (mostly 95 %).
When we get that F > F, (s, N—r), o5 then decrease the sum of
squares during a change to higher order model was statistically
significant and the initial model was not suitable. On the other
hand, if F<F,,,(s, N—r)yes, the initial model was statistically

adequate, then an increase of its order does not make sense [5].

3.3 An algorithm of optimum model determination

Using former shown dependencies and formulas one can
describe an optimum ARMA (n, n-1) model getting algorithm, in
other words, as follows [5]:

1. Calculation of ARMA (2n,2n—1) model parameters for n = 1
and its sum of squares A, = Ze,z

2. Increase the order n —» (n+1) and calculation of model para-
meters and sum of squares A,.

3. Testing the statistical significance of the sum of squares decrease
AA = Ay — A,. In case that decrease is statistically significant,
go to 2. In the other case the former model was statistical ade-
quate.

4. Test of a2n, b2n-1 parameters if their value is near zero or if their
internal of confidence contains zero. If not, then ARMA (2n, 2n-1)
model is suitable.

5. When a,,, b,,_, are zeros or near zero, calculation of ARMA
(2n—1, 2n—2) model parameters.

6. Testing of moving average parameters b; of ARMA (2n—1, 2n—2)
model. If some of them are near zero, construction of ARMA
(2n—1,m) model for m < (2n—2) and calculation of its para-
meters eventually of pure AR (2n—1) model.

Shown algorithm was used by developing of program ARMA-
GET for Windows 95/NT, this was developed on authors depart-
ment. Presented software is a 32-bit application made in developing
surroundings of DELPHI and working in the operating system
Windows 95 or NT. It contains users menu, which apart from
basic functions with file, configurations, work with windows and
help functions contains two submenus - submenu of “Simulation”
and submenu of “Identification” (Fig. 3).
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& Aumaliel pro Windows 5

napovedy obsahuje dve sub-
menu - submenu , Simuldcia“
a submenu ,, Identifikdcia“ (obr.
3).

Polozka , Simuldcia“ umoz-
fiuje upravy a konvertovanie
nekompatibilného suboru vstup-
nych hodnét postupnosti na
subor kompatibilny a simulaciu
(vygenerovanie) ¢asovej postup-
nosti na zaklade zadania radu
a parametrov AR(n) alebo

Sk Giglhien  derdifibcis  Eoehpabos Qe Naporseds
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Item “Simulation”
enables adjustment
and conversion of in-
compatible input files
of time series to com-
patible ones and simu-
lation (generation) of
time series basing on
given AR or ARMA
models order and pa-
rameters with possibi-
lities of mean and dis-

I I =

ARMA(n,n-1) modelu s moz-
nostou vol'by strednej hodnoty
a smerodajnej odchylky simulo-
vanej postupnosti.

Jadrom programu je submenu , Identifikdcia“, prostrednictvom
ktorého je mozné vykonat vyber metddy a sposobu identifikacie
zvolenej Gasovej postupnosti, pricom je mozné k identifikacii pouzit
adaptivne algoritmy alebo vykonat identifikaciu pomocou neline-
arnej metody najmensich Stvorcov. Identifikacia pomocou vyssie
spominanej nelinearnej (resp. pre modely AR - linearnej) metody
najmensich §tvorcov je pristupna v polozke menu - Identifikdcia
a jej submenu - NLINLS. Tu st v ponuke 4 mozZnosti.

Prvé dve - Model AR - po rdadoch a Model AR - 1iplny vypocet
pontkaju ako vysledok identifikacie model AR popisany rovnicou

(2).

Dalsia polozka - Model ARMA - po rddoch, umoziiuje uréit
koeficienty pre vopred zvoleny rad modelu ARMA(n,n-1). To
znamena, Ze je potrebné vopred urcit poZadovany rad (poznat pocet
koeficientov) autoregresnej Casti - a, a Gasti kizavych priemerov -
by, ktoré v podstate vyjadrujii na kolkych predchadzajucich hodno-
tach je prave pocitana hodnota Casovej postupnosti zavisla.

Pociatocny odhad koeficientov modelu ARMA(n,n-1) sa urci
tak, Ze koeficientom Gasti kizavych priemerov je priradena hod-
nota 0 a koeficienty autoregresnej Casti sa urcuju aplikaciou line-
arnej metody najmensSich Stvorcov. Sucasne je vypocCitany aj sucet
stvorcov odchylok, tzn. hodnota vyjadrujuca odchylku teoretic-
kého modelu od modelu skuto¢ného. Potom nasleduje samotny ite-
racny vypocet, ktorého vystupom su koeficienty zvoleného modelu
(obr. 4).

Wﬂ: x|

Obr. 4. Vysledky identifikdcie
Fig. 4. Results of identification

Obr. 3. Prostredie programu ARMAGET pre Windows
Fig. 3. The Integrated Environment of ARMAGET for Windows

persion selection of si-
mulated series.

The heart of the
program is submenu
“Identification”, by means of which it is possible to make selection
of the identification method and way of chosen time series, whe-
reupon it is possible to use either adaptive algorithm of time series
identification or make identification using non-linear least squares
method. Identification by means of higher presented non-linear
(respectively for AR models - linear) least square method is avai-
lable in item Identification and its sub-menu NLINLS. Here are
four options.

First two- Model AR - after orders and Model AR- complete cal-
culation give results as identification AR model, described by (2).

Next item - Model ARMA- after orders gives coefficients befo-
rehand of selected order of ARMA (n, n-1) models determination.
It means, that it is necessary beforehand to determine requir-ed
order (known number of coefficients) of autoregressive part - a;
and moving average part - b, which principally determine number
of former values the calculated value depends on. The inicial
guess is of ARMA (n, n-1) model coefficients is determined in the
following way: a zero value is assigned to coefficients of moving
average part and coefficients of autoregressive part are determi-
ned by the linear least square method.

Simultaneously the sum of squares of deviations value express-
ing deviation of theoretical model from real model is calculated.
Then the proper iterative calculation follows, which outputs are
the coefficients of model (Fig. 4).

HLIKLS - AR B i ot ] § Virbesdhoy aden il bz

Obr. 5. Vysledky urcenia rdadu a koeficientov optimdlneho modelu
Fig. 5. Results of an optimal ARMA model determination
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Poslednou dolezitou polozkou je polozka Model ARMA - tiplny
vypocet, ktorej ulohou je najst optimalny model ARMA (n,n-1),
ktory najlepSie popisuje stochasticky systém charakterizovany
casovou postupnostou. PretoZe vo vacSine pripadov nepozname
optimalny rad modelu je potrebné, aby program iteracnym postu-
pom uréil rad modelu, ktory je pre popis daného systému opti-
malny (obr. 5). Algoritmus hladania optimalneho autoregresného
modelu pouzity v programe zodpoveda algoritmu z Casti 3.3.

4. Suvis medzi spojitym a diskrétnym modelom

PretoZe vacsina systémov, s ktorymi sa pracuje v technickej
praxi a najma v dynamike mechanickych systémov je spojitych, je
pre tieto systémy spojity matematicky model v tvare diferencialne;j
rovnice prip. systému diferencialnych rovnic vyhodnejsi ako model
diskrétny. Diferencialne rovnice su zostavené z fyzikalnych zako-
nitosti systémov a ich parametre maju bezpros-tredny suvis
s najdolezitejSimi charakteristikami systémov (vlastné frekvencie,
tlmenie, stabilita atd’.).

V praxi v§ak tuto skuto¢nost nie je vacsinou mozné vyuZit,
pretoze numerické rieSenie vacsich sustav diferencialnych rovnic
je naroéné na Cas i vykon pocitaca a tak simulacia ¢innosti systé-
mu trva vacsinou dlhsie, ako ¢innost
realna [4], [5], [6].

The last important item is Model ARMA- complete calculation,
whose aim is to find an optimal ARMA (n, n-1) model. This model
is the best description of stochastic system, whose output is a time
series. Because, in most cases we don’t know optimal order of
model, it is necessary beforehand to determine by an iterative pro-
cedure of an optimal order of model for description of a given
system (Fig. 5). An algorithm of optimum autoregressive model
determination used in ARMAGET is identical as algorithm from
chapter 3.3.

4. Relationship between continuous and discrete models

Because most systems used in technical practice and dynamics
of mechanical systems are of continuous nature, continuous ma-
thematical model in form of differential equation eventually of diffe-
rential equations set is more suitable as the discrete one. Because
differential equations are formed on base of physical laws concern-
ing studied systems and their parameters (coefficients) have a stra-
ightway relationship to the most important characteristics of
systems (such a natural frequencies, damping, stability, etc.).

In practice, it is not possible to utilise this fact because a nume-
rical solution of large differential equation systems is time consum-
ing and needs very powerful computers so that simulation of

system performance lasts longer as a real
function [4], [5], [6].

Fit)
Suvis medzi diskrétnym mode- Relationships between a discrete
lom, ktory vznikne vzorkovanim spo- model, which one gets by sampling of
jitého signalu v konStantnych caso- m continuous signal in constant time inter-

vych intervaloch a povodnym systé-
mom spojitym, t. j. relacia medzi
parametrami diferencnej a diferen- k
cialnej rovnice popisujicej ten isty

val and an original continuous system,
means relationships between parame-
ters of differential and difference equati-
ons describing the same dynamic

|_J___|c

stochasticky dynamicky systém,
bude dokazany na jednoduchej I-
hmotovej mechanickej dynamickej
sustave (obr. 6), budenej nahodnou
silou F(t) s normalnym rozdelenim
N(O,5).

Znamu diferencialnu rovnicu v tvare

dx dx
m~?+c-z+k~x(t)=F(t), (16)
alebo po uprave
&x dx F1)
F+2-§-Q~E+Q ~x(z)=7,
je mozné previest na tzv. operatorovy tvar [5]
D*+ oy - D+ ap) - x(1) = Z(1). (17)

Uvedena rovnica popisuje spojity autoregresny model 2. radu -
SAR(2) a budiaca funkcia Z(¢) sa predpoklada vo forme spojitého
bieleho sumu, pre ktory plati E[Z(z)] = 0 a E[Z(¢) - Z(t + n)] =
o2+ 8(n), kde 8(n) je Diracova 8funkcia.

Obr. 6. Jednoduchd jednohmotova mechanickd
dynamickd sustava
Fig.6. The simple mechanical dynamic system

stochastic system, will be developed on
the simplest one-mass damped mechani-
cal dynamic system (1-D.O.F - one
degree of freedom) after Fig. 6 excited
by stochastic force F(t) with normal
distribution N(0,07).

Well-known differential equation in form

&x dx
+c-—+k-x(t) = K1),

C— 16
dr* dt (16)

m

or after adjustment

d’x e T )
—_— . . - —_— . l = — s
dr’ ¢ dt ==

is possible to simply arrange into so called operator form as

(D*+ a, - D + ap) - x(1) = Z(1). 17

This equation described continuous autoregressive model of
second order - CAR(2) and exciting functions Z(¢) is in continuous
white noise form, for which applied E[Z(¢)] = 0 and E[Z(¢) -
Z(t + n)] = 0%+ 8(n), where 8(n) is Diracs &function.
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Hodnoty «;, a «, predstavuju dolezité hodnoty netlmenej
vlastnej frekvencie a pomerného tlmenia stistavy a mozno ich
ziskat pomocou vztahov

a=2-¢Q a aOZQZ,

pricom

¢ c c qQ k
= — — a = —_
Chrit 2\/km m

Pre rieSenie je rozhodujuci tvar funkcie impulznej odozvy,
ktory je mozné s vyuzitim vlastnosti Diracovej 6-funkcie urcit ako
Hy r— e“'z !
G)=——7",
My = Mo

kde u, a u, st korene charakteristickej rovnice vztahu (17).

pret=0

(18)

Suvis medzi spojitym a diskrétnym modelom je mozné potom
urcif z porovnania tvaru autokorelacnej funkcie pre spojity a dis-
kretizovany model.

Autokorela¢na funkcia spojitého modelu je podla definicie [4]

KOMNIKOCIe
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The values «, and «,, representing important values of
undamped natural frequency and relative damping of the system,
can be obtained by

a;=2-¢-Q and ap=Q7

while

o ¢ i 0 /?
=——=—_—7/— an = /.
Chrit 2Vk-m m

For the solution, the decisive form of impulse response func-
tion that is possible to determine uses characteristics of Diracs 6
function as

et — ettt
G(1) = , fort=0

(18)
My — Mo

where w, and u, are roots of the characteristics equation of
formula (17). Relationship between continuous and discrete
models can be determined using comparisons of Autocorrelation
Function (ACF) forms for continuous and discrete models.

Auto Correlation function of continuous model is after defi-
nition [4]

2
Oz

R(s) = 02 [ G) - GO + s)dv =

0 2y gt (0] — )

Po dosadeni s = k - At pre diskretizovany spojity model ma
AKF tvar
2

> (g - e " — e ") (19)

After giving s = k - Ar for uniformly sampled continuous
model ACF becomes form as

g
R = Rl 80) = e (g e ) =y A (20)
1 2 1 2
kde | where
0'2 0'2
d, z dy = z A =e* A and A, = e @1

2y (ui =)
Z tvaru AKF, ktora je linearnou kombindciou dvoch expo-
nencialnych funkcii vyplyva, Ze spojity systém 2. radu moze byt
pri vzorkovani s konStantnym krokom Az vyjadreny diferenénou
rovnicou modelu ARMA (2,1) v tvare

20y (uy — )]

Using the ACF form, which is a linear combination of two
exponential functions, one knows that a continuous second order
system can be (by constant interval sampling) expressed by a dif-
ference equation of ARMA (2,1) model in form

X—a X 1—a X, ,=€—b ¢, (22) Xo—a X | —ay X, ,=€—b €, (22)
kde where
ay=A t A=A A and gy = =) s A, = —el T A

Parametre b, a 0% su tiez funkciou korefiov charakteristickej
rovnice, ale ich vyjadrenie je podstatne zlozitejsie [5].

Vychadza sa z predpokladu, ze spojity a diskrétny model maju
rovnaku AKF. Z toho vyplyva, zZe si musia odpovedat nielen cha-
rakteristické Cisla, ale tieZ koeficienty d, a d, AKF. Z ich vyjadre-

Parameters of b, and o are functions of characteristic equa-
tion roots, but their expression is considerably complicated[5].

The basic assumption is the continuous and discrete models
have the same ACF. From this follows that they must correspond
not only eigenvalues but the coefficients of d; and d, of ACF too.
From expression of them, one can get a system of two equations

nia je mozné ziskat sustavu dvoch rovnic v tvare [5] in form
2 2 _ _ _
Oz o (A= b)) (A~ b _ Ay — by
2opc(pi—p) 0 LA LA -
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_ 0'% =0'z'()\2_b1) /\2_b1_ A= by
2oy (i) (A - ’

ktoré implicitne obsahuju hladané parametre pravej strany dife-
rencidlnej rovnice (22) b, a o..

Vzajomnym vydelenim oboch rovnic a Upravami je mozné
zistif pre b, vyraz v tvare

by=—-P+x VP -1

(24)

kde

(23)
1— A2

1 — AN
which implicitly contains searched parameters of the right-hand
side of differential equation (22) b, and o,.

By division of both equations, one another by some modifi-
cations, one can get for b, expression in form

by=—-P= VP —1

(24)

where

—p (LHAD (1= A) + py - (1 +AD) - (1= AD

P=

Pritom z dvoch ur¢enych hodnot b, sa berie ta, ktord spina
podmienku invertibility, tzn. pre ktoru plati [b,[] < 1. Obdobne
je mozné aj vyjadrenie hladaného rozptylu [5]. Vztahy (22) a (23)
urcuju jednoznacne parametre diskrétneho autoregresného modelu
ARMA (2,1) zo znamych parametrov modelu spojitého.

Skutocny postup pri identifikacii je v§ak opacny. To znamena,
Ze postupom uvedenym v predchadzajtcej kapitole sa urcia para-
metre diskrétneho modelu a,, a,, b, a 02, korene charakteristickej
rovnice A;, A, a prostrednictvom nich sa vyjadria parametre spo-
jitého systému u,, w,, 0%, pripadne a; a .

Pre jednohmotovu sustavu s podkritickym tlmenim, potom
pre hodnoty vlastnej frekvencie a relativneho tlmenia plati [5]

~ 1 [In(=ay)® a \[
0= Iy 2 + |:arccos(2\/_—az>]

In(— 2
. (In(~ay) 05

2
[ln(*az)]2 +4- |:arccos<2\;1_—az>:|

Uvedeny postup je mozné rozsirit a aplikovat tiez na vse-
obecné spojité systémy n-tého radu popisané napr. diferencialnou
rovnicou typu (v operatorovom tvare)

(D" + D" 4t Dt ag) Xy = (B D" By D"t By D+ By) - Z,

ktora uréuje spojity autoregresny model s kizavym priemerom -
SARMA(n,m).

Rovnakym sposobom sa z vyjadrenia AKF diskretizovaného
spojitého systému zisti, Ze zodpovedajicim diskrétnym modelom
je model typu ARMA (n, n-1) s parametrami

Ni= et A

a; = (_l)iJrl z/\kl * A e Ay
=1

2 [py oA - (1 _/\%)_Mz')\z'(l _A%)]

From two of determined values b, we take in account this one
for that holds the condition of invertibility, which mean it is
[h,0 < 1. In similar way it is possible to express the searched value
of dispersion too [5]. Formulas (22) and (23) determine unambi-
guous parameters of the discrete autoregressive model ARMA (2,1)
from known continuous model parameters.

The real procedure of the identification process is a reversed
one. It means that using a procedure shown in a former chapter,
one determines parameters of discrete model a,, a,, b, and o2,
roots of its characteristic equation A;, A, and with their help
parameters of continuous system i, i, 0%, eventually o, and
are determined.

For 1-D.O.F. system with subcritical damping for values of
eigenfrequency and relative damping holds

~ 1 [In(=ayP? a \[
Q0= Y 7 + |:arccos<2\/_—az>:|

In(— 2
. (In(~ay) o5)

2
[ln(*az)]2 +4- [arccos(ﬂjl_—az)}

The shown procedure can be expanded and applied for general
continuous systems of n-th order described by differential equa-
tion as (in operator form)

(26)

which determines the continuous autoregressive moving average
model - CARMA(n, m).

Using the same idea from an expression of discretized conti-
nuous model ACF one gets that corresponding discrete model is
ARMA (n, n-1) model with parameters

A= et A

a; = (_1)1.4rl 2)\/(1 “ A e Ay
=1
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ZP(;L,) P(u) -V, V, Zak AR
ij=1 1_1) k=0
" S Ry Py v 7 2!
) Py V7L
ij=1 ! ! (/'L1+I‘Lj)
oz [a A A1
o = P(u) - P(w) - V; - V, = (27
[‘le ’ Lot
kde
V=H (e
ij=1

n
V= (=D""*IT (u,
i,j=1
a P(u;) su hodnoty charakteristického polynomu pravej strany
rovnice (3) urcené pre hodnoty vlastnych Cisiel [avej strany w,.

Z toho vyplyva, Ze diskrétna reprezentacia spojitého procesu
SARMA (n,m) je vZdy model typu ARMA (n,n-1). To znamena,
Ze rad pravej strany diferencialnej rovnice spojitého systému nema
vplyv na jeho diskrétnu reprezentaciu. Uvedené vztahy mozno
vyuzif k urCeniu parametrov diskrétneho modelu, ak su zname
koeficienty diferencialnej rovnice.

Predmetom nasho zaujmu je vSak opaf pripad opacny, tzn. pri
ktorom su parametre spojitého systému nezname a je potrebné ich
urcif z diskrétneho modelu vzorkovaného s konstantnym interva-
lom At a preto postacuje pri syntéze mechanickych dynamickych
sustav s n stupiami volnosti charakteristickd rovnica lavej strany
modelu typu ARMA (2n ,2n - 1) v tvare

1:'[ A=A (A=)
kde A,, /\—eA’Q CH=iVI=8)
J

/\2n+za /\Zn i

(28)

Z toho vyplyva pre vlastné frekvencie a relativne timenia

2
Ik
+ A

- (30)
e

¢o su podobné vyrazy, aké boli odvodené v prechadzajucom pre
jednohmotovy systém.

[In(A, - L)I*

1
Q=—
’ At\/ 4

&=

. A+ A
arccos\| ——  /—=
2- VAN

J J

[In(A,, 1)12

[In(A; - A))* + 4 - [arccos(

Nejednoznacnost hodndt funkcie arccos v rovniciach (29),
(30) sposobuje taktiez nejednoznacnost hodnot Qj a §j Je mozné
vsak dokazat, Ze ak interval diskretizacie vyhovuje Nyquistovmu
teorému, t. j.

Q-\/l—§2< 1

2 2-

At’ (31)
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S Pu) - Pw) - 1] V, Zak AR
i,j=1 l_l) k=0
" S Py By v 7 L
ij=1 ! / / (/"Ll+/"_'Lj)
o = o [EP(,L) P(w) - V- Vi)\ A_l} 27)
¢ ij=1 ! ! /‘L[+lu’/'
where

) pre (i >)),

=), for (i>)),i,j#k

and P(u;) are values of characteristic polynom of the right-hand
side of equation (3) determined for eigenvalues of the left-hand
side u;.

From these results, discrete representation of continuous
process - CARMA (n,m) is always ARMA(n, n-1) model type. It
means, that in order for the right-hand side of differential equa-
tion of continuous system representation to have no influence on
its discrete representation. These relations are possible to exploit
for discrete model parameters determination if we know coeffici-
ents of differential equation.

Because the subject of our interest is again a reverse one it
means continuous parameters are determined from a discrete
uniform sampled model with interval of sampling Af the charac-
teristic equation of the left-hand side of ARMA (2r,2n—1) model
is sufficient for mechanical systems synthesis in form

2n n _

A =TT A= A) - (A= 1) (28)

i=1 j=1

3 . (i )
Where)\j,)\f:em Q- (=g =i \/ﬁ).

From that then for natural frequencies and relative dampings are

2
)} (29)
+ A

- (30)
e

which are similar formulas that were developed in a former part
for 1-D.O.F system.

[In(A, - M7

1
Q=—
4 At\/ 4

&=

. A+ A
arccos| —————rF/——
2- VAL

J

[In(A;, /)]2

[In(A, - A)P + 4 - |:arccos(

Multiplicity of arccos function values in formulas (29) and
(30) causes multiplicity of values (), and & too. However, it can
be proved that if an interval of discretization holds to Nyquist
theorem

Q-\/l—§2< 1

2.

A’ G

2
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mozno uvazovaf iba zakladni hodnotu arccos a potom su Q,
a &urcené jednoznacne.

5. Moznosti praktickych aplikacii navrhnutého postupu

Metodika urCovania Statisticky adekvatnych autoregresnych
modelov stochastickych systémov a odvodené suvislosti medzi
parametrami diskrétnych a spojitych modelov uvedenych v pred-
chadzajucich kapitolach boli tspesne overené na pripade identifi-
kacie mechanickej dynamickej stuistavy obrabacieho stroja pocas
obrabania s overovanim jeho aplikaénych moznosti pri adaptivnom
geometrickom riadeni v realnom case [3] a pri analyze spétno-
vazobného systému (obrabaci stroj - rezny proces) [4]. Uvedené
suvislosti vSak mozno s vyhodou vyuzit tieZ pri urCovani vybranych
moddlnych charakteristik mechanickych dynamickych siistav.

V stiCasnosti je najpouZivanejSim postupom pri experimental-
nom skiimani dynamickych charakteristik roznych systémov a kon-
Strukcii aplikacia metdd urCovania matic dynamickej poddajnosti
a modalnej analyzy tvarov kmitov konStrukcii.

Vdaka rozsireniu digitalnych analyzatorov spektier zalozenych
na aplikacii algoritmu rychlej Fourierovej transformacie je najcas-
tejsi postup zalozZeny na urcovani spektier budenia a odoziev sustavy.
Ich prostrednictvom mozno uréif prenosové funkcie, z ktorych sa
potom odvodzuju informacie o vlastnych frekvenciach a tvaroch
kmitov sustavy.

Vzhladom na prezentované suvislosti sa ukazuje ako mozny
postup ziskania niektorych modalnych informacii vyuZzitie experi-
mentalne ziskanych ¢asovych postupnosti hodnot vibracii sustavy
meranych sucasne vo viacerych miestach konstrukcie. To znamena
zovseobecnenie uvedenych poznatkov na tzv. Vektorové autoregresné
modely s kizavymi priemermi - VARMA modely, ktoré mozZno vo
vseobecnosti popisat maticovou rovnicou v operatorovom tvare
ako [3]

(A4y—A,-B'— A4, - B>—..—A4,-B")-X,=(l

pre ktoru plati podobne ako v skalarnom pripade

E(e)=0
E(e € ,) =8 0¢ (33)
akde X, a ¢, su vektory postupnosti merani a bieleho Sumu, 4;a D,
su matice parametrov sustavy, B je vektor operatorov spatného
posunutia, UEZ je matica rozptylu a vzajomnych korelacii a g, je
Kroneckerova delta funkcia.

X2¢ MECHANICAL
To znamena, Ze ak pri analyze ———®| DYNAMIC
L , Exciti SYSTEM
mechanickej sistavy vyuZijeme vy- Iffac;c’:sg

poctovu techniku a jej budiace sily
i vibracie su snimané v diskrétnych
Casovych intervaloch Az, je mozné
odvodit diskrétne modely popisu-
juce zavislosti vystupu systému
(vibracie) na vstupoch (budiace

Obr. 7. Blokovd schéma dynamiky mechanického systému
Fig. 7. Block scheme of mechanical system dynamics

then it is possible to take into account just the principal value of
arccos function and values of (), and & are the determined unam-
biguously.

5. Possibilities of proposed procedure practical
applications

The method for determinating of adequate autoregressive
models of stochastic systems and developed relationships between
parameters of discrete and continuous models shown in former
chapters were successfully verified on case of identification of
mechanical dynamic system of machine tool during cutting with
its application by adaptive geometrical control in real time [3] and
by analysis of feed-back system (machine tool - cutting) [4].
Shown connections can be utilized by determinating modal cha-
racteristics of mechanical dynamics systems, too.

The most used procedure of experimental investigation of
dynamic characteristics of different systems and structures at
present is the application of dynamic compliance matrices deter-
mination and analysis of structure modes. Due to digital analyzers
of spectra extension working on the principle of Fast Fourier
Transform the most frequently used procedure is the one based on
spectra determination of excitation and output of the system.
Using them one can get transfer functions of the system and con-
nected information of natural frequencies and structure modes.

Due to presented connections it shows as possible procedure
of some modal information obtaining use of experimentally acquir-
ed time series of structure vibrations measured simultaneously in
multiple points of the structure.

It means to generalise involved information to Vector AutoRe-
gressive Moving Average Models - VARMA models, which are in
general case described by matrix formulas in operator form [3] as

-D,-B'-D,B*—..-D,_,-B" V)¢ (32)
for which holds similarly as in scalar case attached

E)=0

Ee - €_,) =6, 02 (33)

and where X, and ¢, are vectors of measurements and white noise
series, A; and D, are matrix of system parameters, B is vector of
back-shift operators, af is matrix of dispersion and reciprocal
correlation’s and §, is Kronecker

X delta function.

Vibrations It means, if one analyses

DYNAMIC a mecha.mcal dynflmlc syst.em ?snth
NOISE a numerical technique and its vibra-
White * €10 tions and exciting forces measure in
Noise uniform sampling intervals Az, it is

possible to develop discrete models
to describe the relationship between
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sily). Potom blokovu schému modelu vhodného pre identifikaciu
meracieho miesta mechanickej dynamickej sustavy mozno zna-
zornit podla obr. 7.

Dynamika mechanickej ststavy je potom uréena diskrétnou
prenosovou funkciou v tvare

KOMNIKOCIe
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output (vibration) and input (exciting forces). After block scheme
of available model for identification of measured location of
mechanical dynamic system, it is possible to plot after Fig. 7.

Dynamics of the mechanical system is after determined by
a discrete transfer function in form

er:?w): —mm+am'B+am;y+m“+mM;W , 34)
2(B) l—ay,-B—ay, B —..—ay, B
kde B je operator spatného posunutia (X,_; = B- X)) a ay su | where B is backshift operator (X,_; = B-X) and ay are

nezname hladané parametre.

Podobne mozno dynamiku Sumu vyjadrit prenosovou funk-
ciou v tvare

DB) 1—dy-B—dy, B —dy; B —

unknown searched parameters.

Similarly, it is possible to express noise dynamics by a discrete
transfer function in form

—1
v —dy1y B

NB=20® -

kde koeficienty d; je potrebné urcit.

Za predpokladu, Ze neexistuje spatna vazba medzi vibraciami
konstrukcie a budenim (Co je pri testoch konstrukcii splnené)
z rovnic (34) a (35) vyplyva vysledny model dynamiky konstruk-
cie v tvare

(I—-ay-B—ay,- B — .- ay, - B") - X,
+(1—dyy - B—dy, B~
v ktorom platia predpoklady uvedene vo vztahu (33).

Postup pri ziskavani statisticky adekvatnych modelov spocCiva
v nahradzovani vystupnych signalov (s vyuZitim nelinearnej metody
najmensSich §tvorcov) modelmi s postupne sa zvysujucim radom
dovtedy, pokial pokles suctu stvorcov odchylok prestane byt Sta-
tisticky vyznamny na zvolenej hladine vyznamnosti.

Fyzikalny zmysel tohto postupu spo€iva v tom, Ze sa systém
snazime nahradif modelom s najmenSim pocétom Statisticky
vyznamnych tvarov kmitov. Pritom kazdé zvySenie radu modelu
0 2, zavadza dalSi tvar kmitu (dalsi stupen vol'nosti), ktorého pris-
pevok k spravaniu sa konstrukcie je testovany na zvolenej hladine
vyznamnosti. Ak jeho prinos nie je vyznamny, za Statisticky ade-
kvatny sa berie predchadzajuci model.

Potom vysledny diskrétny model ziskany ako Statisticky ade-
kvatny a z neho odvodeny model spojity, znamena rozvoj odozvy
systému do najmenSieho Statisticky vyznamného poctu tvarov
kmitov, ktoré sa pritom ziskaju priamo, bez toho, ze by bolo
potrebné robit vopred nejaké subjektivne odhady [3], [5].

Po urceni adekvatnych modelov ARMA pre zmerany priebeh
vibracii moZno s vyuZitim rovnice (34) dosadenim za B = e® "’
urcif frekvencné charakteristiky (prenosové funkcie vo frekvenc-
nej oblasti).

Pre prenosovu funkciu v diskrétnom tvare plati

n

H(B) =

i=1

i

— 37
1-A-B &N

l—ay,-B-

_ . pn—=1)y |
dll(n—l) B )€,

n (35)
ay, B —..—a,, B

where coefficients dj is needed to determine.

Supposing non-existence of feedback between vibrations of
structure can be expressed in its excitation, (which holds for struc-
tures tests) from equations (34) and (35) one gets a resulting
model of structure dynamics in form

=(apot ap B+ ..tap, B X, +
(36)
where attached assumptions shown in formula (33).

Procedure of statistically adequate models is getting concen-
trated in principle of output signals substituting (using non-linear
least square method) with models of gradually increasing order
until the decreased sum of squares becomes statistically non-sig-
nificant on a chosen level of significance.

Physical meaning of such a procedure is that we are trying to
substitute the system with a model with the lowest number of sta-
tistically significant modes of vibrations. During this procedure,
each increase of model order by two introduces a further degree
of freedom. If its contribution is not significant, the former
model is taken as statistically adequate.

Then the resultant discrete model obtained as statistically ade-
quate and from it is developed a model continuous which means
the expansion of system response into minimum number of sta-
tistically significant modes which are obtained directly without
any prior subjective judgement [3], [5].

After adequate ARMA model determination for curves of
measured vibrations it is possible with using of equation (34) and
substitution for B = e® ’ to determine frequency characteristics
(transfer functions in frequency area).

For transfer functions in discrete form holds

n

HB) =>

i=1

i

— 37
1-A-B 7
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kde A, su korene charakteristickej rovnice prenosovej fumkcie (34)
v tvare

(1—ay, - B—a;, B — ..

Pretoze vacsinou realne ocelové konStrukcie maju nizke rela-
tivne timenie, korene A; si komplexné a vytvaraji komplexne zdru-
zené pary. Potom vlastné frekvencie a relativne timenie mozno
urcit zo vztahov (29), (30), kde A; a A; su komplexne zdruzené
korene.

S vyuzitim rovnice (37) a vyjadrenim komplexnych rezidui
v nej taktiez ako komplexne zdruzené pary 4, = g; + i . h; resp.
A% = g; — i . h; moZno ziskaf znamy vztah pre prenosovu funkciu
dynamickej mechanickej sustavy v spojitom case rozvojom do
vlastnych tvarov kmitov vo forme

H(s)=>

—a””'B":H(l = A B).

where A; are roots of characteristic equation of transfer function
(34) in form

(38)
i=1
Because real steel structures have a mostly low damping ratio,
A; roots are complex and form complex conjugate pairs. Then
natural frequencies and relatively damping is possible to determine
from (29), (30), where A;, A; are complex conjugate roots.

Exploiting equation (37) and expressing complex residuals in
form of complex conjugate pairs as 4, = g; +i. h;res. A5 =g, —
i. h; one can get a well known form of transfer function of mecha-
nical dynamic system in continuous time using expansion into
vibration modes in form

W22 gis+2g &0 =200 VA= §)

platného za predpokladu, Ze susedné vlastné frekvencie su dosta-
tocne vzdialené a modalna interferencia je zanedbatelna.

Suhrnne mozno navrhnuty postup uréovania modalnych cha-

rakteristik mechanickych konstrukcii vyjadrit nasledovne [6]:

1. Zdiznam budenia a odozvy konstrukcie v diskrétnych casovych
krokoch.

2. Ziskanie Statisticky adekvdtnych modelov typu ARMA(n,n-1)
resp. modelu VARMA.

3. Riesenie charakteristickej rovnice (38) a urcenie jej koreriov.

4. Vypocet moddlnych charakteristik - viastné frekvencie Q; a rela-
tivne timenia & (29), (30).

5. Wyjadrenie prenosovej funkcie systéemu (34) pomocou parcidl-
nych zlomkov (37) a urcenie komplexnych rezidui A;.

6. Urcenie prenosovej funkcie vibrdcii konstrukcie (35) prostrednic-
tvom zistenych komplexnych rezidui A;.

7. Wkreslenie prenosovych funkcii, tvarov kmitov atd.

Uvedeny teoreticky pristup bol overeny na niekol'kych apli-
kaénych prikladoch. Pre ilustraciu je
uvedeny pristup demonstrovany na
jednoduchej trojhmotovej mechanic-
kej sustave (obr. 8) a zloZitejSej
mechanickej konstrukcii - vyloZzniku
skutoéného Zeriava SZ 1645 P.1,
modelovaného prostrednictvom me-
tédy konecnych prvkov (obr. 10).

Pre prvotné posudenie navrhova-
ného postupu bol zvoleny jednodu-
chy trojhmotovy diskrétny model me-
chanického systému budeného nahod-
nou silou F(¢) s normalnym rozloZe-
nim amplitdd pdsobiacou v smere
podla obr. 8.

Znamym sposobom uréena sustava pohybovych rovnic

M-x+C-x+K-x=K1) (40)

= S+2£Q, 5+ 02

Obr. 8. Jednoduchy trojhmotovy mechanicky systém
Fig. 8. Simple 3 D.O.F. mechanical system

(39)

which holds for assumption that neighbour eigen-frequencies are
distant enough and modal interference can be neglected.

A summary of the procedure of the structure modal charac-

teristic identification is expressed as follows:

1. Recording of excitation and vibrations (output) in a uniform
discrete time interval.

2. Acquiring of statistically adequate models ARMA (n, n-1) res.
VARMA model.

3. Solution of characteristic equation and its roots determination.

4. Calculation of modal characteristics - eigen-frequencies (); and
relative damping & (29), (30).

5. Expression of system transfer function (34) in form of partial
fractions (37) and to determine complex residuals A;.

6. Determination of transfer function of structure vibrations (35) by
using to obtained complex residuals A;.

7. Drawing of transfer functions, modes of vibrations etc.

The shown theoretical approach was verified on more exam-
ples of applications. To illustrate
this the developed approach is
demonstrated on a simple 3 degree

Basic parameters of system

my =1 of freedom (3 D.O.F.) mechanical
msy = system (Fig. 8) and more compli-
koy = kiz = ky3 = 100 cated structure - a jib of a real
ko3 = 200 crane SZ 1645 P.I, which was

modelled by means of Finite Ele-
ment Method (Fig. 10).

¢y = 0.6
o3 = 1.6 For first tests of proposed pro-
o7 =10 cedure a simple 3 D.O.F. model

of mechanical system was chosen.
This was excited by random force
F(¢) with normal distribution which
acts in direction after Fig. 8.

Well-known system of differential equations has the form

M-x+C-x+K-x=F() (40)
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nadobudla v tomto pripade tvar ‘ in this case acquired form
100 X, 1,6 —0,4 —04 X 200 —100 0 Xy 110)
010 5 +]-04 18 —06 X |+ —100 200 —100 x|{=1 0|,
002 X3 -04 —0,6 2,6 X3 0 —100 300 X3 0

z ktorého lavej strany boli numericky urcené (aplikaciou Fadeje-
vovej a Bairstowovej metody) teoretické vlastné frekvencie. Cela
sustava bola rieSena pri simulovanom budeni silou F(¢). Pri zvole-

nom intervale vzorkovania (A7 = 0,1 s) bolo medzi kazdou vzorkou
vykonanych 10 numerickych integraénych krokov metédou
Runge-Kutta. Z kmitov kazdej hmoty bola vytvorena postupnost
2000 hodndt, pricom sa vzorky zacali ukladat az po ustaleni
amplitud vibracii.

Aplikaciou postupu uvedeného v kapitole 3 bol ziskany ako
Statisticky adekvatny model ARMA (6,5). Jeho parametre pre
kmity v hmotach su uvedené v tab. 1. Urené vlastné frekvencie
a relativne tlmenia v porovnani s teoretickymi hodnotami su
uvedené v tab. 2.

from its left hand side were determined in a numerical way (using
Fadejev and Bairstow methods) theoretical values of eigen-frequ-
encies. Next the whole system was solved using simulation excita-

tion of force (7). A sampling interval of Ar = 0,1 s was chosen
and between each sample were 10 steps of numerical integration
performed using Runge - Kutta method. A time serie of 2000
values from vibrations of each mass was made. These samples were
started after getting stationary values of vibrations amplitudes.

Using a procedure developed in chapter three, the ARMA
(6,5) model was obtained as statistically adequate. Its parameters
are presented in Tab. 1. Calculated values of eigen-frequencies and
relative damping and their comparison with theoretical values are
shown in Tab. 2.

Parametre autoregresnej ¢asti modelov ARMA Tab. 1
Parameters of autoregressive parts of ARMA models Tab. 1
a, a) as ay as 6
X, 1.5820 —2.8093 2.5325 —2.5329 1.2516 —0.7089
X, 1.3915 —2.4370 2.0704 =2.1175 0.9362 —0.5819
X, 1.5859 —2.8081 2.4854 —2.4907 1.2183 —0.7271
Hodnoty vlastnych frekvencii a relativnych tlmeni trojhmotovej sustavy Tab. 2
Values of eigen-frequencies and relative damping of 3 D.O.F. system Tab. 2
1* mode 2" mode 3 mode
Q, & Q, & Q; &
« X, 1.2958 0.04709 1.9647 0.06908 2.7945 0.02754
5 X, 1.2926 0.03468 2.1071 0.13760 2.8203 0.03408
<
X;, 1.2941 0.03069 1.9788 0.04885 2.8152 0.04163
Teoretické 1.2926 0.05289 2.0621 0.06664 2.8297 0.05945
Z uvedenych vysledkov je Vi L L2 From presented results

zrejmy dostatoény sulad experi-
mentalnych a teoretickych hodnot
netlmenych vlastnych frekvencii
W. Relativne nizsia presnost hod-
ndt pomerného tlmenia x bola za-
prifinena zvolenymi nizkymi hod-
notami koeficientov utlmu cij. Po
urceni korenov charakteristickej
rovnice boli ziskané i vlastné tvary
kmitov, ktorych priebeh porovna-
ny s priebehom teoretickym je vy-
kresleny na obr. 9.

Model vyloznika skuto¢ného
Zeriava bol vytvoreny v programe
COSMOS/M s vyuzitim prvkov

ARMA , -

a very good agreement betwe-
en experimental and theore-
tical values of eigen-frequen-
cies W. A relative lower ac-
curacy of relative damping
values x was caused probab-
ly by choosing of low values
of coefficients cij. After gett-
ing characteristic equations
roots the modes of vibration

2, tvar

Obr. 9. Ziskané tvary kmitov a ich porovnanie s teoretickymi hodnotami
Fig. 9. Obtained modes and their comparison with theoretical ones

were obtained. Their compa-
rison with theoretical values
is shown in Fig. 9.

The crane jib model was
made by means of program

3. tvar

theoretical values
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typu BEAM3D a TRUSS3D a odobraté prislu§né stupne volnosti.
MKP model vyloznika bol pri simulacii budeny pasmovo ohranice-
nym bielym Sumom. Numericka integracia bola realizovana New-
markovou metodou (10 krokov riesenia medzi kazdym bodom
diskretizacie) pri nulovych pociatoénych podmienkach. Bolo
zaznamenanych 2000 bodov priebehu vychyliek v kazdom sledo-
vanom bode, pricom zaciatok zaznamu bol vykonany az po dosi-
ahnuti stacionarity sledovanych procesov. Vysledky vykonanych
experimentov su prezentované v zostru¢nenej forme, prevazne vo
forme obrazkov a tabuliek (obr. 10-11, tab. 3).

COSMOS/M using elements of BEAM-3D and TRUSS3D type.
During simulation, the model was excited by band-limited white
noise. Numerical integration used Newmark method (10 steps of
solution for each point of discretization). Zero initial conditions
and 2000 points of amplitudes were recorded in each chosen
point of structure while the record started after the following pro-
cesses became stationary.

The results of performed experiments are presented in
a maximum brief, mostly of tables and pictures (Fig. 10-11 and
Tab. 3).

Porovnanie hodnét vlastnych frekvencii vyloznika Zeriava v sledovanom bode Tab. 3
Comparison of Natural frequencies values of crane jib in multiple point Tab. 3
1" Mode 2™ Mode 3" Mode 4™ Mode 5™ Mode 6™ Mode
FEM 0,100652 0,100653 0,100810 0,100819 0,423949 1,10373
ARMA Nonsign. Nonsign. Nonsign. Nonsign. Nonsign. 1,1042
7™ Mode 8™ Mode 9™ Mode 10™ Mode 11" Mode 12" Mode
FEM 1,767421 2,184288 2,235258 3,483133 4,334549 4,34834
ARMA 1,7648 Nonsign. 2.2338 3,4866 Nonsign. 4,3571

Mode=10
0.554338

Obr. 10. MKP model vyloZnika Zeriava a tvar konstrukcie v desiatom kroku simuldcie
Fig. 10. FEM model of crane jib and mode of structure in 10-th steps of simulation

Special attention should be paid to
the fact that the FEM model of crane jib

as a statistically adequate ARMA (10,9)
model was detected. That means that

only five modes of structure vibrations
(Fig. 11) have a statistically significant

contribution to dynamic behaviour of
structure (which differs from 12 modes

determined by the standard FEM proce-
dure). It is obvious that a proposed pro-

cedure can expressively reduce demands
on dynamic calculations of mechanical

J structures.

Pozornost je potrebné 1.7721
venovat faktu, Ze pri modeli
vyloznika Zeriava bol zisteny 1.518
ako Statisticky adekvatny
1.2859
model ARMA(10,9) a bolo
zistené, Ze iba 5 tvarov kmi-  Z
AR 1.0128
tov (obr. 11) ma Statisticky
vyznamny prinos k dynamic- 9.75965
kému spravaniu sa konstruk-
cie (na rozdiel od 12 tvarov 3.506853
uréenych Standardnym po-
stupom MKP). 3.25341
3.00028 4
6. Zaver .01

Uvedena problematika
bola navrhnuta a preverovana

7

FREQ(Rad/Sec)
6. Conclusions

Obr. 11. Spektrdlna vykonova hustota priebehu vibrdcii
v sledovanom bode modelu

Introduced problems were proposed

v ramci rieSenia grantovej Fig. I1. Power spectral density of vibrations in chosen point of model and verified in a frame of grant research
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ulohy VEGA ¢. 97/4226/97 , Identifikdcia, modelovanie a riadenie
stochastickych dynamickych systémov*, kde boli skimané niektoré
z moznych aplikacii navrhnutého postupu identifikacie. ISlo
najmi o spojenie navrhnutého identifikacného pristupu so systé-
mami rieSenia dynamiky zlozitych konstrukcii strojov metodou
konecénych prvkov.

Vyhoda vyuzitia autoregresnych modelov spociva v skutoc-
nosti, Ze ich parametre mozno ziskat priamo zo ziskanych ade-
kvatnych modelov bez toho, aby bolo potrebné¢ urcovat prenosové
funkcie. Navyse je vylucené akékol-vek subjektivne hodnotenie,
pretoZe testy Statistickej adekvatnosti su rigorézne definované.

Vystupy z rieSenia dalSich problémov aplikaciou navrhnutého
pristupu pri dynamickej analyze a identifikacii vybranych modal-
nych charakteristik mechanickych systémov vykazovali relativne
dobru zhodu medzi teoretickymi a identifikovanymi tvarmi kmitov,
hodnotami vlastnych frekvencii a hodnotami pomernych tlmeni.

Z prezentovanych skutocnosti mozno konstatovat, Ze vyssie
uvedené predpoklady a teoretické vychodiska su spravne a ze
uvedeny pristup moZe vyrazné zniZit narocnost a zvysit efektiv-
nost dynamickych vypoctov mechanickych konstrukeii.
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