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Resume

To calculate the stress-deformed state of road-tanker metal structures during the
liquid cargo transportation, the solution for bending axially and symmetrically
loaded circular plates is proposed, which is based on the theory of elasticity
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1 Introduction and literature review

According to analysis of operation conditions of
vehicles for transporting the liquid cargoes, the dynamic
loads and influence of external environment, in particular
temperature and precipitation, are the main factors that
cause destruction of assembly units (load-bearing systems
and tanks of vehicles), their parts (supports of tanks,
etc.), as well as connections [1-7]. This fact contributes
to formation of wet films on surfaces of vehicles, with
regard to condition of surfaces: coating, roughness,
hardness etc. The constant impact of combinations of
these factors causes damage with subsequent destruction,
the most characteristic of which are [8-17]: fatigue damage,
atmospheric corrosion, corrosion-mechanical wear,
corrosion fatigue, corrosion cracking, fretting - corrosion.
The study of the vehicles’ condition after 1-3 years of
operation makes it possible to conclude: more than 70-80%
of constituent units and machine parts are subjected to
corrosion in one way or another, [1-17]. Therefore, the
corrosion damage and fatigue fracture are objective and
logical results of influence of the environment, dynamic
loads and thermodynamically unstable metal materials
of the vehicles’ parts. The fatigue damage to metal
structures, as well as the corrosive one, causes vehicle

failure and weight loss, intensifies joint wear, changes in
the surface roughness of parts, reduces fatigue strength,
causing various cracks and metal breaks. As a result, the
reliability, efficiency and resource of the machines and
their components are reduced; the cost of repair and the
elimination of the consequences of failures increase. The
service life of parts often reduces in practice up to 50%
due to fatigue fractures. According to analysis of fractures
of parts, knots and details of thin sheet steel, the inner
surfaces of containers for toxic chemicals are destroyed
most quickly [9-17]. Therefore, during the operation of
vehicles, especially when transporting the liquid cargo, the
random complex combinations of different power factors
affects the tank and elements of the bearing systems. This
fact is stipulated by the random nature of the sources of
disturbances (transport modes, inequalities of the road,
geometry, etc.).

Based on the research results of metal structures of
tanks (including their supports) for transporting the liquid
cargoes, the following tasks can be solved:

e estimation of the stress strain state of metal structures
(in particular tanks and their supports during the
transportation of the liquid cargoes) in order to identify
and improve the maximum loaded elements to reduce
the metal structure;
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e  distribution of stresses in the maximum loaded cross
sections of elements to predict the reliability of
vehicles.

Deformation of the solid elastic medium is not
always purely a mechanical phenomenon. Nearly every
deformation is accompanied by thermal effects and
therefore an attempt to describe the behavior of the
environment, ignoring the thermo-mechanical interaction
within the environment, is not always feasible. Temperature
change in the body can occur as a result of a deformation
process, as well as for extraneous reasons. External load
(surface, volume) causes the body deformation and at
the same time causes the change of the temperature field
in it. The change in temperature is 0 = T - t, where T
is the absolute temperature points of the body, t, is the
temperature of the unstressed body. Therefore, during
the deformation the temperature changes of the points
of the body and can lead to the absorption or release of
heat by elastic uninsulated body and its interaction with
the environment. The deformation process is very slow,
i.e., it is thermodynamically reversible. The temperature
change 0 is very small and does not cause changes in
existing physical and mechanical characteristics of the
material body. Its accounting allows to accurately solve
the equation of elasticity for bending of round plates
under the action of forces normally applied according
to arbitrary loading law with any type of section, which
previously was impossible to do.

2 Methodology

The exact solution of equations of the theory of elasticity
in the closed form for round plates with axisymmetric
loading is possible only taking into account the temperature
change, which appears at deformation from action of
normally added forces. The magnitude of the temperature
change is very small (= 2+3 K), but its consideration makes
it possible to accurately solve the problem of the theory
of elasticity for bodies of rotation with axisymmetric
deformation without any simplified hypotheses, except for
the general linear theory of elasticity. There is no need to
use different approximate numerical methods of solution,
such as FEM.

Therefore, in order to solve these problems with
maximum accuracy, it is advisable to apply the provisions
of the theory of elasticity, which will provide adequate
simulation of stresses and displacements under arbitrary
loads and types of supports.

The exact solution of elasticity problem is known
[18] to be available only for the case of a solid round plate
loaded with a uniformly distributed pressure of constant
intensity. Thus, the form of loading is assumed arbitrary, as
well as the type of plate resistance.

Differential equilibrium equations in a cylindrical
coordinate system are deduced [18]:

Ui e,1 o (1+ZJ) N
Au 2 + =% 2(1720)0(9,1—0, "
U1 3 (1+wv) R
Aus 2 + = 2(1_20)019,5*0,
011,1+G13,1+w: 05 ®

1
O31 1+ O3 + 701 = 0.

In Equations (1) and (2), the index after the comma
denotes the partial derivative with respect to the
corresponding coordinate: » or 2; u, and u,are components
of radial and axial movements, respectively; Ax - Laplace
operator for movements u;(i = 1,3);01u, Onr, O -
respectively, the components of radial, circumferential,
axial and tangential stresses; 033 is explained in Equation
(6).

The Hooke’s law [19] determines the stress components

1+
,j = 1,2,3;

based on the well-known dependencies between

deformations and movements:
€11 — U11,€2 — %uuexs = usi;2e13 = Uz + sz, (4)
where &;; - Kronecker deltasymbol; o and » -respectively,
coefficients of linear thermal expansion and Poisson’s
ratio;, e =en ten+teyn -
G - shear module; E - modulus of elasticity.

volumetric expansion;

“2(1+0)

To solve the system of equilibrium Equations (1), the
equation of thermal conductivity should be considered [19]:

1

AG—#—/1

wW=0, 5)
where W - amount of heat that is released or absorbed
per unit of the body volume during the deformation; A -

thermal conductivity; AG = 6,11 + %9,11 + 0,33.

To solve the problem of bending the round plates under
the action of an arbitrary axisymmetric intensity load P(r ),
the normal axial stress 0’33 should be determined. Therefore,
the method based on translational approximations should
be applied. Thus, after the transformations, we obtain:

_ 12(2°  zh* &
0w =Pt % — 5 4p). ©®
Equation (6) meet conditions:
O33 — —P(i"),if z = —% and 033 = O,
2
where z = — h?, (M

where h - the thickness of the round plate.
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3 Results and discussion

Based on Equation (6), the problem of bending the
plate is further solved applying the function ¢,..) . To solve
this problem accurately, a polytrophic thermodynamic
process (neither isothermal nor adiabatic) is studied. The
function Y (.) is related to the thermoelastic movement
potential by the formula [19]:

1+v

Do) = LV(rz). ®

For this case, the movement is defined:

ui(r,z) = %Jr i
1+ )
Ms(V,Z) 1— UI//,s-

The volumetric expansion e is derived from Equation
(4), with taking into account Equation (9):

e=en+teptes=
1+U[Wu+ Lyt yaul=

(10)
_ 1+
B lval//

Substituting Equations (9) and (10) into the system of
Equations (1), one obtains:

210 5y, ~ ALt v)g g .
21E0) ), - M263 0.

Integrating Equation (11) the first equation with respect
to r and the second equation with respect to 2, the formula
for definition of a temperature variable is deduced:
20 = Ay . (12)
Based on the Hooke’s law [20], the elasticity is found.

The temperature change 6 is derived from Equation (12).
Then:

O13 = %V/,ls;o}s =77 2 U%(Vl//,l),l;

o1 = — 1 § U(%W'l + l//,:i);

ﬁ(ll/,n + y 33).

(13

on=—

To solve the elasticity theory equations, the movement
function l//(r,z) should be chosen in such a way as to
satisfy the boundary conditions for a specific problem.

Thus, the curvature of the round plates in the exact
formulation of the problem from the standpoint of the
theory of elasticity is considered below. The given plates
are loaded symmetrically with respect to the axis of
rotation z by forces P(r) applied perpendicular; forms of
loading and types of supports are arbitrary.

The stress 0’33 in Equation (6), which satisfies Equation
(7), is compared to stress 033 in Equation (13). After
transformations, the differential equation for determining
the function y(r,z) is developed:

— v 12( zéz

3
(ry 1), = E E g—4)rP(r). (14)
Integrating Equation (14) with respect to r in the range

from a, to 7, the formula is deduced:

1—012(2° zh* | h*\1
I e S
: ) (15)
-frP(r)dr+ 7f1(2),
al
where fi1(z) - arbitrary integration function; a, - radius of

the central hole of the plate.

For the case, if there is no hole in the metal plate
under study (a, = 0), then, fi(z) is equal to zero for finite
movements #(7). Therefore, Equation (15) is integrated
with respect to » in the range from a, to 7, resulting in:

1— 012 zh* |

Yirz) = E hi (_ - 8 + 24)
o (16)

><f;frP(r)drerrfl(Z)ln%+f2(2)’

al al

where f;(z) - arbitrary integration function.
To rationally simplify calculations, a solid plate
[a1 = 0;£1(2) = 0] should be considered. Then:

_1—v12 zh’ | K
v = L5 - 2+ )
an

xf%frP(r)drdr + f(z2).

Differentiating Equation (17) with respect to r and z:

_ 3 2 A
Yirz) = 1 i U%(% — %)%f rP(r)dr (18)
0
and substituting ¥ 13 into Equation (13), one obtains:
9 r
O = %(2‘ — %)%frp(r)dr. (19)

0

The boundary conditions for Equation (19) are satisfied
integrally at the edge of the round plate. Therefore, to meet
the boundary conditions providing, » = a, the stress 013
at the edge of the plate should be reduced to the support
reaction:
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Figure 1 a - tank of a vehicle for transporting the liquid cargoes; b - schematization of the tank element,
solid round plate with an arbitrary type of support, loaded P(r),

O1dz = (20)

—% rP(r)dr.
0

X
Il
Nl&'\mﬂw

r=a

Thus, the stresses in Equation (19) satisfy the boundary

conditions on the planes z = J_r% integrally at the edge of

the surface.

Substituting Equation (17) into Equation (13) for the
normal radial stress 011 and deriving the function fo(2)
from the boundary conditions ¢11 = 0, providing» = a,

T
7 «\,‘,\PIZ
P2(z
| H (2
h £
b
un(rz) =15 v + L(Asz — A9)) +
+7(A42+A6§>
23)
ui(r,z) = 1+ V[l//s‘i‘A Inr]—
*A4(ﬁ22+7>*ﬁ2146+147.

where A, - arbitrary integration constants.
Based on Equation (23), the formula is developed:

btains:
oneo ;uzns o :%W,B;O—SS =77 _E‘V%(Vw,l),l
0'112?)( - _%Wyl W — lzx
<2_372h2+h*> ouTT-v 1 &9
6 8 24 X(A52*A3)+A42+A6§
4 4 21
X X%frp(r)dr—#frp(r)dr + @D 5 l//,ll_l//,ﬁf%_%x
0 0 O — .
1-V 1
1 f f1f x(Asz — As) + Auz + A5
+Z[f%f rP(r)drdr — f%frp(r)drdr ’ ! ! ‘2
o0 o0 Equations (23) and (24) are exact solutions of
For the stress 032 in Equations (13): equilibrium Equations (1) and (2); after substitution,
Equations (1) and (2) are transformed into identities. The
12 function y(7,z) must satisfy Equation (12). Based on this
On=—75% equation, the temperature variable 8(7,z), occurred due to
P I R A the action of external loads, could be determined, as well as
(? —g T ﬂ) x the dependence y(7,z) on the boundary conditions.
(22) To illustrate the elastic and thermodynamic reflexivity
) x| P(r) — ( f rP(r)dr — f rPr)dr )] : of the above-considered problems of the theory of elasticity
£ for axisymmetric deformation of plates, the solution should
+z f;f rP(r)drdr — _[7f rP(r)drdr be simplified by assuming that P(») = B = const (see
o0 o0 Figure 1).
Then, for the movement in Equation (17) one gets:
The obtainedstressessatisfythe equilibrium Equation (2) 3 ) 3
h v(rz) = V12P<——i+h>><
and the boundary conditions: 033 = — P(r) if z = —9; Bl 3 24 @5)
O3 = 0 where 22%; 013 = 0 where z =+5; and X%-l—fz(z),
integrally on the edge of the plate: 011 = 0 where r = a.
The plate support conditions make it possible to  while for stresses in Equation (19) is obtained:
determine the exact values of movements by Equation (8)
using Equation (17). 3 i
Movements u, and u,; o1 WPO (z‘ T)r (26)
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The magnitude of the support reaction at the edge of
the plate:

@n

Radial stresses in Equation (21) and circular stresses in
Equation (22) coincide:

0'1110'22:%1%(02_7’2)- (28)
For the function f2(z) one obtains:
v 582 Sy
flz) =45 hsP°<120 13 +T>+. 29)

+ CCiz + Cs.

where C| and C, - arbitrary integration constants.
Based on Equation (9), the displacements are found:

ui(r,z) = lt ‘I;W,l ~1 EVh_%P

x(z—g— +h?)2ue(rz) 1+ V

6
Pyx

Vs =
_1+V 3 -
E Zh ’
x[r( 2 >—(%d—hT+Zh +za)]+
1+ VC
1— V=t

(30)

2

+

The radial movement in Equation (30) affects the
resistance of the plate in such a way that it allows the
movement of the plate in the direction of the vertical axis
(Figure 1).

The normal movement in Equation (31) allows fixing
the points of the plate edges in different ways to prevent
their vertical displacement.

As an example, the hinge fixing of the plate contour
points, in the middle plane, could be considered, #; = 0;
r = a;z = 0. Satisfying these boundary conditions for
movement in Equation (30) and an arbitrary integration
constant C|, the formula is deduced:

1+ V- _1+V 3

ah’

(8D

After substitution Equation (31) into Equation (30),
one obtains:

us(r,z) = I—EV%POX
I’LZ 2h2
of 2 n°
r(z 4>+ 1 (32)

The stresses corresponding to movements in Equations
(28) and (32) are developed:

l/ﬁ 12/
2
013 — hsPO(Z —T) 7, (33)
Oon=0n= hdpo(a _V)
Based on Equations (25) and (29), follows:
vw(rz) = IEV% b X
(23 zh? hg)rz
7i7+7 A
6 8 24/ 4
x 5 37,2 273 20 .0 | T (B
7272h+2h z>+azz
(120 48 48 12 16

+ Cs.

where C, - arbitrary integration constant.

The temperature variable 0(r,z) occurred due to
the action of external loads P, in the plate under study is
developed
a0 = AW+ LY Y (35)

Substituting Equation (34) into Equation (35), one
obtains:

G(r,z)—( V) 5 px
3 hl Eah3 h (36)
Z _ zn P AY 4

x| % g tor —(@—r )2].

External surface and volume loads cause the body
deformation and the occurrence of temperature changes
in it [20]. Temperature change is 6 = 7 — T,, where
T - the absolute temperature of the body point; T, - the
temperature of the unstressed body when ¢ = 0.

Therefore, during the deformation, temperature of
an arbitrary point of the body changes. As a result, an
elastic uninsulated body absorbs or releases heat during
its interaction with the environment [21]. This temperature
change of the bent round plate is determined by the
dependence in Equation (36).

Providing that the load P, = 0 is reset, voltage in
Equation (33) and temperature change in Equation (36)
disappear. Then, the plate acquires the initial unstressed
and undeformed state. The deformation process is very
slow, i.e. it is thermodynamically reversible [22].

The deformation of the plate and the temperature
change in it under external load are under study. Substituting
z= —% into Equation (32), the dependence describing
the compression ratio of the upper layers of the plate in the

given direction is developed:

ol )= 15

“rh>0. @37
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For the case of a lower surface of the plate where

VSh

<. (38)

us(r %) -1
Resulting in a stretching area.
Based on Equation (32), for the compressed section of
the plate, the temperature change is deduced as:

6(71—%) IEOCV tho(h + a* —r)>0,or
(n-4)=n+1Y tho(h) +at—r)x (39)
x(r<a),

while for the stretched, area due to the bending, it is:

9(?’1%)* 1505‘/ haPo(a — %) <0,0r
h V3o (40
T<717>: TO—E—O(FR)(aZ—rZ)(rSa).

Therefore, the temperature of the compressed area
will be slightly higher than the temperature of the stretched
area. In other words, the compressed zone releases heat
(7> Ty) and the stretched zone absorbs it (7°< Ty),
i.e. there is a heat exchange of the plate with the external
environment. K. Zener [23] developed a similar theory; it
was experimentally confirmed for a thin plate with bending
deformations.

Substituting the temperature variable in Equation (36),
which appears when the round plate is bent under the
action of a uniformly distributed load of constant intensity,
into Equation (5), the power of the heat flow in the sections
of the plate is found.

(1-V)18
W=—A00 = —A—p" hfPo. 1)
For the case of a compressed section of the plate,
where z = —%.
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The heat released:

(1-V)9

AEa h?

=P >0. (42)

For the stretched area due to the bending z = % .
The heat absorbed:

o =1V

o hZPo<0

= (43)

As a result, due to the thermal conductivity, a heat
flow occurs, due to bending, from the compressed to the
stretched area.

4 Conclusion

In the analytical calculations of the stress
strain state of metal structures of vehicles for the
transportation of the bulk cargo, the theory of elasticity
approach should be applied. The problem solution for
the case of bending of the axisymmetrically loaded
round plates is presented. Analytical dependences
for calculation of stresses and movements in metal
plates at arbitrary forms of loading and types of
supports are substantiated. The obtained solutions
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temperature change and heat flow occurrence due to
the deformation of the bent tank metal structure.

Deformation and change in the temperature fields
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were considered first. The results indicate that the
temperature of the compressed zone of the bent
plate will be slightly above the temperature of the
stretched zone, that is, the compressed area generates
heat (T > t)), while the stretched area absorbs it
(T < t) and there is the heat exchange with the
external environment.
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