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Resume
The article is devoted to influence of the clay thixotropic solutions on the 
strength of resistance to movement of the earthmoving machines' working 
elements.
The forces of resistance to the movement of a  flat plate, a  smooth cylinder 
and real working bodies in a  clay solution for various modes of solution flow 
(bingamian, pseudo-laminar and turbulent) are established.
Mathematical models of movement of the earthmoving machines working 
elements in clay solution are developed and investigated.
Dynamics of the working element of an earthmoving machine movement in 
a  clay solution is studied. Dependence of the feed force, torque and dynamic 
coefficient on the resistance forces, acting on the working body from the clay 
solution, is established.
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hydrodynamic head resistance P
hd

 and the buoyancy force 
P

b
 and in the general case, the following equation can be 

written: 

R T P Pres hd b= - - ,	  (1)

where R
res

 is the resistance total force to the WE moving 
in mud. 

2	 Material and methods

To define the resistance value to the WE moving in 
the clay solution, it is theoretically and experimentally 
necessary to determine the values and patterns of changes 
in the force variation T and P

hd
, when the mud in motion 

is relative to the WE in the Swedish, Bingham and pseudo-
laminar conditions. Operation of the excavating machines 
at speeds causing the turbulent movement of the mud is 
undesirable since there is a possibility for an increase in the 
WE dynamics [3-4].

At the first stage of the study, the motion of a smooth 
plate measuring F and a  provided small thickness Δ and 
a  smooth cylinder with the radius Rand the length L.\ is 
considered. Then, it is proceed to defining the loading of the 
WE of excavating machines, which are complex elements in 
its configuration. 

1	 Introduction

During the construction of buried structures using the 
diaphragm wall method, the excavation works, as usual, 
are performed under the clay thixotropic solution There 
is a hypothesis that additional loading affects the working 
element (hereinafter referred to as WE) of a trench digger 
moving in the clay solution [1-2]. 

This method has already become quite widespread, 
both in Kazakhstan and abroad in construction of industrial, 
civil, hydraulic, transport and agricultural facilities. 
Effectiveness of the “wall in the ground” method depends 
on the hydro-geological conditions of the construction 
site, the costs of equipment for performing the work, 
characteristics of the structure being built and other 
factors. This method is more promising for reconstruction 
of enterprises and construction of underground structures 
in urban development near the existing buildings. The 
practice of building production has shown that the 
subsequent development of construction using the “wall in 
the ground” method is possible only when using machines 
of mechanical and hydro-mechanical action [3].

Therefore, the study of the working parts loading of 
earthmoving machines, operated in the clay thixotropic 
solution, is an urgent task.

Resistance of solids when moving in fluid (flow with 
fluid) can be characterized with the friction force (T), the 
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d
dU
T

0

d h
x

= 	 (6)

and the friction force under the condition V
n 

= U
max 

can be 
determined by the following formula:

T F F
dn
dV F20 0x x h x= = + =b l .	 (7)

In the pseudo-laminar conditions of motion the 
rheological properties of the clay solution are adequate 
to the rheological properties of an ordinary viscous fluid. 
The velocity-distribution law of viscous the fluid flow has 
a parabolic nature:

U U H1max
g

T
2d

= -d c m n .	 (8)

The plate velocity gradient: 

dn
dU U H2 max

g

Td=- 	 (9)

and the plate friction force in the mud can be determined by 
the following formula:

T F F
dn
dU F U H2 2 max

max
p p

T! !x n n
d

= = = m ,	  (10)

where:

pn  - dynamic viscosity.
The maximum value of the friction force corresponds 

to equality of values H
g
 and Td ,  in this case: 

T F H
U2max p
g

! n= .	 (11)

Assuming the motion speed for the mud flow to be 
equal to the speed of the plate motion, one obtains:

T F H
V

2max p
g

n! n= .	 (12)

In the stream core of the turbulent flowwith the 
developed turbulence speed the fluid flow changes 
according to the logarithmic law:

ln
U

c
U* T

b
d

=
+

,	 (13)

where: 
U* -dynamic velocity or the fluid cutting speed; 
b  - constant Prandtl, b = 0.360…0.436 [5]

C - constant value. 
The plate velocity gradient is: 

d
dU U*

T Td bd
= .	 (14)

Then, taking into account the shear function during 
turbulent motion of the mud [6], one gets:

d
dU p l

d
dU U

l
p l U* *

f
T

c
T

f
c

2
2

2
x n

d d
n

= + = + ^ h: D ,	 (15)

where: 

The motion of a  thin plate in the clay thixotropic 
solution is considered, which may be forward, rotation and 
compound. If the velocity vector lies in the plate plane, the 
resistance to motion is determined by the friction force T 
arising on the side surfaces of the plate and the buoyancy 
force P

o
. The hydrodynamic resistance due to the infinite 

small thickness of the plate can be neglected.
The value of the total drag force R

c
 for various flow 

conditions of the mud will be different, this is due to 
a change in its rheology depending on the flow velocity. For 
the Swedish conditions, taking into account the Bingham-
Kelvin model, the following is true:
•	 during the plate vertical motion:

R F
E e E

E E tE E

tE E
m g

1
res

t
t n

1

1 1 2 0 1 2

1 1 20 h

h v
= =

- + +

+
-_ i7 A ,	 (2)

where:
m

n 
- plate mass;

h  - relaxation viscosity; 
e - relative strain; 
E

1 
- initial conditional instantaneous shear modulus; 

E
2 
- elasticity modulus; 

0v  - elastic limit, below which the residual deformations 
cannot be developed;
t - time; 
t

o 
- relaxation time. 

and 
•	 when the plate moves in the horizontal direction and 

zero buoyancy:

R F
E e E tE E

E E tE E

1
res

t
t

1 1 1 2

1 1 2 0 1 2

0 h

h v
= =

- + +

+

_ i7 A .	 (3)

The friction force with the plate motion, at a  speed 
causing appearance of the Bingham conditions of fluid flow, 
can be determined by the following dependence:

T F F
d
dU
T

0!x x h
d

= = c m ,	 (4)

where:
x  - shear stress; 

0x  - yield stress. 
The “plus” or “minus” sign is used depending on the 

velocity gradient sign taking into account the requirement 
to make positive the specific force direction τ.

In the straight line motion of the plate in the clay 
solution, its speed is equal to the speed of the flow core, 
which follows from the added masses theory. Considering 
the 0Tt= , what corresponds to our case, one obtains: 

U Hg T
0

h
x

d=- -^ h ,	 (5)

where: 
U - fluid motion speed; 
H

g 
- maximum distance from the plate; 

Td  - boundary-layer thickness;
h  - plastic viscosity. 

Then the plate velocity gradient in the following:
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1. 	 During the Swedish conditions of the clay solution 
motion the resistance to the plate motion is provided 
by occurring of elastic strains.

2. 	 The plate loading under the Bingham conditions of the 
mud flow is characterized by its ultimate shear stress 

0x . 
3. 	 The resistance to the plate motion during the pseudo-

laminar motion of the mud depends on the mud 
viscosity and its speed.

4. 	 In the turbulent conditions of motion, the resistance 
force to the plate motion depends on the core size of 
the flow stream, the medium density, and the fictitious 
viscosity value.

The smooth cylinder motion (rotational and compound) 
of the radius R and the length L in the clay thixotropic 
solution is considered. The cylinder is brought into rotation 
from a state of rest with an angular velocity ω.

When the cylinder moves at a  speed that determines 
the Swedish conditions of the mud flow, the moment from 
the resistance force is determined taking into account 
Equation (3): М

res
 = R

c
 R. 

The Bingham fluid flow zone extends only to a  finite 
distance from the rotating cylinder (Figure 1). The rest 
of the mud will be at rest. A very thin laminar layer forms 
around the cylinder, behind which there is a  zone of the 
plastic viscous flow. The radius of the plastic viscous flow 
zone and the fluid velocity are related. When the vector 
radius r is equal to the radius of extent of the plastic viscous 
flow zone r

t
, the mud velocity is zero and if the values r = R 

are equal, the mud velocity is maximum [7-8].
The gradient of the normal shear velocity: 

nz -fictitious velocity. 

T F F
l
U p lU
*

*
f cx n= = +_ i .	 (16)

Moreover, as it appears from the theory of the turbulent 
motion that l Tbd= . When the plate rotates around 
the horizontal or vertical axis, the moment Мс from the 
resistance force to motion is determined in the general case 
by the following dependence:

sinM P T P mg Rres gd b {= + + -^ h6 @ ,	 (17)

where:
{  - plate rotation angle about axis of rotation. 

In the case of the plate complex motion, when 
determining its speed, it is necessary to take into account 
the value of the angle a  between the portable j  and 
relative ~ R speeds: 

arctg R
Va ~= .	 (18)

For excavating machines (drilling and milling), as 
a  rule, the portable speed is for one or two orders of 
magnitude less than the relative, and the value of the a
angle does not exceed 2 to 3°. The dependences obtained 
for the plate complex motion are summarized in Table1. 
The same expression (17) is presented as concretized for 
each mode of the mud motion.

Thus, there have been obtained the formulas for 
determining the friction forces for each possible motion 
conditions of the clay thixotropic solution. The following 
conclusions have been made:

Figure 1 The nature of the flow solution around a rotating smooth cylinder
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,R R
C C R2~ ~= = .	 (26)

The gradient of mud velocity: 

dr
dU

r
C
2=- .	 (27)

The friction force on the cylinder surface taking into 
account the equality of the values r and R is determined by 
the following formula:

T F R L
dr
dU RL2 2p p

2! !x r n r ~n= = = .	 (28)

The moment from the resistive force is:

M R L2res p
2! r ~n= .	  (29)

In the turbulent conditions of the mud flow, its 
resistance moment to rotation is the following:

M R L2res p
2r ~n= ,	 (30)

where:
x  is determined from Equation (16). 

Having found the gradient of the mud velocity, one 
obtains:

M R L
l
U lU2
*

*
res p c

2r n t= +_ i .	 (31)

The compound motion of a smooth cylinder is analyzed 
next. The cylinder rotates with a constant angular velocity 
~  and moves with a feed speed V. Here R V$~  for the 
WE of excavating machines. In this regard, the resistance 
force to friction in rotational motion is significantly higher 
than the resistance force to friction in the translational 
motion. Therefore, with a  high degree of accuracy, it is 
possible to use Equations (21) and (25) for calculations. If 
the values are comparable to values of the feed rate, it is 
necessary to take into account the angle a  between the 
portable and relative speeds.

The calculation formulas obtained in this subsection 
Equations (22), (29), (31) are summarized in the Table1. 
The same Table shows dependencies for determining the 
resistance forces during the compound motion of a  plate 
and a cylinder. Analysis of the obtained dependencies has 
allowed the following conclusions to be drawn:

In the Swedish conditions of the clay solution flow, 
the resistance to rotation of a cylinder is determined by the 
elastic properties of gel; in the Bingham conditions, it is 
determined by the ultimate shear resistance of the medium 
and the size of the plastic viscous flow zone, and in the case 
of the pseudo-laminar flow – by the mud dynamic viscosity 
and its rotation speed.

The cylinder loading during the rotation and the 
plate during its moving in the mud is generally carried out 
according to the same physical schemes.

The magnitude and nature of excavating machines 
loading when moving in the clay thixotropic solution 

lnU r r
r

r
r

2 1 TT0 22

h
x

= - -a` `j j k ,	 (19)

is:

ln
dr
dU

r
r

r
r

2 1 T T0 2 2

h
x

= - -a ` `j j k .	 (20)

The resistance moment to the cylinder rotation in 
the clay thixotropic solution with the steady Bingham 
conditions, taking into account Equation (20) is expressed 
by the system of equations:

ln

ln

M R L
dr
dU

R L
r
r

r
r

R L
r
r

r
r

2

3

1

res

T T

T T

2
0

2
0 2

2

2
0 2

2 2

!r x h

r x

r x

= =

=
- -

+ -

b

`

`

l

j

j
:
;

D
E

Z

[

\

]]]]]
]]]]]

.	 (21)
	
	 (22)

In the further studies, the maximum value of the 
moment, corresponding to the sum of the ultimate shear 
stress and the product of structural viscosity by the velocity 
gradient is taken, with the fulfillment of the equality r = R. 
Thus one obtains:

lnM R L R
r

R
r

2 3res
T T2

0

2 2

r x= - -; E .	 (23)

Transforming the series of the Maclaurinequation:

M Arw Brw3res
2= + + ,	 (24) 

where:
A

r
 and B

r
 - coefficients of the Maclaurin’s series. 

Introduction of A
r
and B

r
 is required only for the further 

mathematical analysis. 
In Equation (23), the cylinder rotation resistance 

moment under the Bingham conditions of the mud flow 
depends on the cylinder dimensions, the ultimate shear 
stress, and the radius of extent of the flow zone. The radius 
r

T
 is a  function of the mud rheological characteristics and 

the cylinder angular velocity.
In the pseudo-laminar flow mode, the Bingham fluid 

with rheological characteristics is adequate to a  viscous 
fluid with a  dynamic viscosity coefficient nt . Rotation 
of the viscous fluid differs from rotation of a  solid body 
in the fact that fluid performs a dynamic rotation, that is, 
particles of a  fluid removed at a  different distance from 
the rotation axis move with different angular velocities [9].  
Wherein:

U r C const0 = = ,	 (25)

where:
U

0
 - fluid circumference speed; 

C - certain constant value.
Therefore, with moving of the mud particles away from 

the rotation axis, their circumference speed decreases due 
to the layered rotation and presence of friction between the 
layers. In the boundary layer
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out around the Oz and Oy axes and the rectilinear motion 
occurs in the zOy plane. The scheme of the adopted 
loading model of the WE is shown in Figure2. The Oz 
and Oy axes are instantaneous and directed along the 
bar and perpendicular to the WE bar. The decomposition 
principle allows any WE to lead to a  combination of the 
translationally moving and rotating elements. A compound 

are further determined. To this end, one considers the 
movement of a hypothetical WE, which is affected by some 
resistance forces arising both during the cyclic machines 
operation and positional and continuous machines (milling, 
drilling bits) [10-11].

It is assumed that the WE is a combination of rotating 
and translationally moving elements. The rotation is carried 

Table 1 Dependencies for determining the resistance forces during the elementary bodies moving in the clay solution

motion direction
motion mode

Swedish Bingham pseudo-laminar bumpy

R F

E e E tE E

E E t

1

res

t
t

1 1 2 1 2

1 2 1 0

0

$

$
h

h f v
=

- + +

+
-_ _
^
i i

h
R F

P mg

2res

b

0x= +

+ -
R F R

V

P mg

2res

b

0
n= +

+ -

R
l
FU

l U

P mg

*

*

res

f

b

2

$

$ n t

=

+

+ -

_ i

R F2res 0x=
R F R

V
2res

n

0
n= R

l
FU

l U

*

*

res

f
2

$

$ n t

=

+_ i

R C F V P mg2res d b

2

t= + -

R C F V
2res d

2

t=

M FR

E e

E E t

E tE E1

*
res

t
t

1 1

1 2 1 0

2 1 20

$

$
h

h f v
=

- + +

+
-_ _
^
i i

h M P R C F V R2res gd d

2

t= =

sinM C F V P mg R2res d b

2

t {= + -b ^ h l

M FR

E e

E E t

E tE E1

*
res

t
t

1 1

1 2 1 0

2 1 20

$

$
h

h f v
=

- + +

+
-_ _
^
i i

h M C F V R2res d

2

t= ,

;cosV R arctg R
Vn

a
~ a ~= =

ln

M R

r
r

2

3 2

res
2
0

2

$

$

r x
t

t

=

- +c m
M R L2res

2r n~l=

ln

M R

r
r

2

3 2

res
2
0

2

$

$

r x
t

t

=

- +c m

cos

ln

M R L

R
R

2

1 2
1

1 2

res
2

0

2

2

$

$ )

)

r x

a
t

t

=

+

- + +

b

d nn

arctg R
Vna ~=

cos

M R

L

2res
2 $

$

r

n a
~
=

arctg R
Vna ~= ,

where V Vn= , 

,R H rT0 t= =~  

cos

ln

M R L

R
R

2

1 2
1

1 2

res
2

0

2

2

$

$ )

)

r x

a
t

t

=

+

- + +

b

d nn

arctg R
Vna ~=
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a  cable-block system, it is necessary to take into account 
the second term being equal to zero due to the rod absence 
[13].

The lifting force and reactive force from the conveyor 
(for example airlift) are expressed by the following 
dependencies:

P R VF2n c
zbr~ t= ,	 (33)

P F V V4c c c T
2t= -^ h ,	 (34)

where:
Fzb – mid-section of rotating elements when they rotate 
around the axes; 
F

c
 – conveyor sectional area; 

V
T

 – pulp conveying speed. 

The model does not have regard to Bjerknes and 
Coriolis forces due to their insignificance in magnitude, the 
WE is taken as a  single-mass and completely rigid, there 
are no oscillations in the system. The WE loading model 
at the first stage was developed for the steady-state mode 
provided that the inertia force is equal to zero.

In the Swedish flow conditions, the clay solution is 
a  gel-like body, with no buoyancy and lifting forces. This 
is due to the presence of structural bonds between the 
gel molecules [14]. The Swedish flow conditions model of 
the clay solution characterizes only the initial period of 
equipment operation after a  long absence of exposure to 
the mud. The model is described by the following set of 
equations:

motion of one element can be represented as the moving of 
the two elements performing translational and rotational 
movements [12].

The WE experiences a forward force Q (Qz and Qy but 
along the instantaneous axes), a rotational moment M (Mz 
and My when rorating around the instantaneous axises); 
a buoyancy force Pnc ; a gravity force P: frictional resistance 
of moving forward elements of the WE against the mud 
T (Tzn,Tyn); a  hydrodynamic drag force P

gd
. ( ,P Pgd

zn
gd
yn ); 

a  reaction force on the conveyor side P
z
, a  lifting force 

arising as a result of the WE rotation P
n
; a moment from the 

hydrodynamic force on the rotating flat cells M
gd

. ( ,M Mgd
z

gd
y ), 

 fractional moment against the mud when rotating a  tool 
M

T
, ( ,M MT

z
T
y ).

The friction and hydrodynamic drag forces are 
determined from Equations (3), (11), (17), (27), (31) and 
(32). The buoyancy force is described by formula consisting 
of a  constant part and a  term depending on the loading 
depth: 

P P K z V g gz Pn
c

b b c c mt t= + = + ,	 (32)

where:
P

b
 – buoyancy force affecting a part of the tool of a constant 

volume;
K

b
 – the parameter equal to the product of the bar (rod) 

average section by the clay solution density; 
V – WE tool volume; 
P

m
 – rod mid-section area. 

For the WE mounted on a  rod, the buoyancy force is 
determined by Equation (32) and for those suspended by 

Figure 2 Generalized graphic model for the WE loading of excavating machines in the clay solution
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In the turbulent conditions of the clay solution motion, 
to determine the WE loading in Equations (37), it is 
necessary to introduce the friction force that is defined by 
Equation (16). In this case, the general form of Equation 
(37) remains unchanged.

3	 Results

The resulting equation systems allow determining the 
total resistance force acting on the excavating machines 
of various designs when moving in the clay solution. To 
establish the loading magnitude on a particular WE, a part 
of the forces should be equated to zero. The conditions 
corpus of the model adequacy to the loading of a particular 
WE has the following form:
•	 for the milling and drilling machines with the rigid rod

; ;sin cos1 1a a= = 	 (40)

•	 for the milling and drilling machines with the flexible 
suspension [15]

; ; ;sin cos K1 0 0ba a= = = 	 (41)

•	 for the drag line

, , , ,

, ,

T P M M

K P P

0 0 0 0

0 0 0

yn
gd
yn

gd
zn

T
zy

b z n

= = = =

= = =
	 (42)

•	 for the dipper shovel with the rigid rod

, , , , ,

;

P P M M T

P

0 0 0 0 0

0

n gd
zy

T
zy yn

gs
yn

e= = = = =

=
	 (43)

•	 for the dipper shovel with the flexible suspension 

, , , , , ;P P M T P K0 0 0 0 0 0e n gd
zy yn

gd
yn

b= = = = = = 	 (44)

•	 for the backhoe
	
, , , .P P M M0 0 0 0e n gd

zy
T
zy= = = = 	 (45)

Equations (42) - (45) do  not comply with the study 
purpose. These equations are given to prove the model 
generalization in Equation (37).

The component forces analysis has shown that at 
the beginning of the work (at z≈0), the conveyor reactive 
force has the greatest weight. As the penetration depth 
increases over 10 to 15 m, the buoyancy force increases 
sharply, by an order of magnitude greater than the friction 
force of the rod against the mud. The moment from 

Q F

Q F

z zn

y yn

v
v

=

=
( ,	 (35)

F

F

M R

M R

z z

y y

b

b

v
v

=

=
( ,	 (36)

where:
Fzn and Fzy -respectively, the midsection areas with the WE 
motion direction along the Oz and Oy axes, 
Fyb - midsection of rotating elements when rotating around 
the 0yy axis. 

For the Bingham, pseudo-laminar and turbulent 
conditions, the WE loading model has a formally adequate 
general form. This is explained by the effect on the 
RO of the same physical forces, that are only differed  
by various rheological characteristics of the clay solution. 
The WE loading model has the following form:

sin

cos

Q T P P P K z P P

Q T P P P K P P

M M M

y

M M M

z zn
gd
zn

n b b e

n
gd
n

n b b e

gd T

y y y

y y y

z
gd
z

T
z

a
a

= + + + + - -

= + + + + - -

= +

= +

^
^

h
h

Z

[

\

]]]]]]
]]]]]]

.	 (37)

The first and the second equations of Equations (37) 
differ only in the form of trigonometric function; the third 
and the fourth equations are similar. In this regard, further 
are considered only two equations passing to others, if 
necessary, by replacing the midsection along to the WE 
motion direction along the axis Oz to the Oy, and changing 
sin a  to cos a .

Continuing with determination of the forces’ values, 
included into Equations (36), one can write:
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,	 (38)

where: 
Cd
n  and Cd

b  - accordingly hydrodynamic coefficients with 
the translational and rotational motion of the WE in mud. 
For the pseudo-laminar conditions of the clay solution 
moving:
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. 	 (39)

Table 2 Values of forces and moments due to the resistance forces when the excavating machines’ WEs move in the clay 

thixotropic solution

conditions
loading parameter value

H . m H . m H H H

Bingham 15.7 275 200 103.6 4400

Pseudo-laminar 13.2 242 175 103.6 4400
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for this case it is approximately 10 to 15% less than those 
given in the Table 2.

4	 Conclusions

Due to the study result the following main conclusions 
have been made:

The greatest weighting in the total loading of the WE 
moving in the clay solution has a rotational moment from 
the resistance forces to the flat cells rotating, reactive force 
of conveyer and buoyancy force acting on the tool. 

The results of experiments, using the SMF-2 testing 
device, have basically confirmed the dependences obtained 
analytically in determining the loading when moving the 
WE in the mud.

The moment due to the resistance forces to the WE 
moving in the clay solution must be calculated for the 
Bingham conditions, where the loading is the greatest. It is 
advisable to calculate the engine rated brake power using 
the pseudo-laminar conditions, since its parameters are 
close to the average maximum power parameters of the 
Bingham conditions.

the resistance forces to the rotational motion of flat 
elements is also by an order of magnitude higher than 
the moment from the friction forces of cylindrical bodies 
against the mud during the rotational motion. Preliminary 
calculations based on the obtained dependences  
(Table 1), showed that when determining the resistance 
forces to the WE motion, the friction and the moment from 
the WE friction forces against the mud can be ignored.

As an example, the loading parameters of the milling 
WE of the UTF-1 (53) are calculated. The calculation was 
performed for the two conditions of the mud flow: Bingham 
and pseudo-laminar according to the following Equations 
(7), (12), (17), (23), (29), (32), (33) and (34), with the 
following parameters.

z=y=0, V=1m3 Fzn=Fyn=10 m2,
Fzb=Fyb=1 m2, Vz=Vy=1.10-2 M/c, V

n
=1.5 m/s ~  = 3c-1,R=0.5m,  

ct = 1.1.103 kg/m3,
F

c
=0.25m2, 0x  =10 H/m2 , Cd

n  =0.5, Cd
B  =1, L=1m, F=0.5 m2 , 

V
T 

=2m/s.

Calculation of the loading parameters for the pseudo-
laminar flow conditions of the drilling mud has shown that 
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