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1.	 Dependence of integrated transport network 

A transport network is a set of hubs and connecting road 
sections. On the transport network are moving, entering and 
then outputting physical objects (e.g. passenger trains, wagon 
load, etc.). A  mathematical model of the network may have 
a final graph of a finite number of vertices, and a mixed graph 
with oriented or non-oriented edges, graph G = (V, E, c, d) 
comprising of a  set V  of vertices (e.g. train stations, stops, 
tariff points and so on), a set E of edges (e.g. interstationary 
sections), c(h) a permeable capacity of the edge or edge part, 
(h) is the length of the edge.

In transport networks, as in other systems, the 
distinguishing level is important. The timetables for rail 
passenger services are sufficient just when one station is in 
the graph, represented by a single vertex (from network sense, 
this is called a node). But for the management needs of rail 
passenger services, each station is designed for the boarding 
and disembarking of passengers (flow change on the edge) that 
are seen as a particular peak [1].

An extension of a  conventional line, periodic transport 
is an integrated periodic timetable (IPTT). In this system are 
except of periodical repeating of the linear form also monitored 
the network interconnection and minimising of interchanges 
times in selected points (transport hubs) where are crossing 

the individual lines operated for a given period. The aim of this 
network effect is to minimise the total transferring time of the 
passenger from point A to point B. This is the most difficult 
form of operation for transport services, because it demands 
precision planning and has requirements in terms of boundary 
conditions. The essential requirements are imposed on the size 
of the edge periodic time between two nodes, where mutual 
changes are expected. Substituting the time of the edge can 
be implemented by a  combination of measures related to 
the infrastructure, setting of the corresponding vehicles, and 
finally, the connections offered (timetable) [2].

The basis of IPTT consists of the periodic timetable of 
the superior railway network. Optimal transfer options are 
given when all trains meet at the same time at a transfer node 
(usually it is a transfer train station). In this time period, it is 
necessary to operate the transfer point by additional means of 
transport. Thus it is possible, with minimum cost, to transport 
the passengers from all areas to the transfer stations. In an 
analogous treatment are passenger transported in the opposite 
direction in a  relatively short time. This creates a scheme of 
connections in the transfer node, the so-called ‘transfer spider’ 
[3].

Any such transfer spider has a  timeline that represents 
the period of time for the transfer in the node. This timeline 
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and thus the difference D can be expressed by a  double 
integral, changing the order of integration: 
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Because the first and third integrals have the same limits, 
and those limits were chosen arbitrarily, also from the integrals 
equality result integrated functions, and therefore, at any point 
x and any time τ must be true:
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This is one of the most important relationships in traffic 
flow theory. We call it the continuity equation of traffic flow. 
In accordance with the physical analogy as well transport flow 
conditions for the rail transportation conditions, the basic 
state quantities are characterised, which are necessary for the 
quality evaluation of connections in the transport network. 
Generally, there is a need to interpret them for the indicators 
of relevant quality values. Generally, the state quantities are 
[1]:
•	 speed
•	 intensity = number of units of flow, passing a given point per 

unit of time
•	 density = number of flow units per unit distance routes in a 

given place and a given time
•	 wave speed = speed of point movement with a given density.

3.	 Defining quality indicators for the links evaluation 
on the transport network

The proposed methodology aims to comprehensively 
cover the possibility of achieving any pair of tariff points by 
passenger trains on a selected rail network in order to assess 
the quality of the travel opportunities in the area using selected 
indicators.

The methodology is based on the evaluation of defined 
criteria for connectivity between the selected tariff points 
on the network. Based on the methodology, we evaluate 
a particular connection. It is necessary to determine whether 
the connection is evaluated during the workday or the weekend. 
It is also possible to evaluate a selected workday, Saturday, or 
Sunday. Consequently, we evaluate the summarising indicators 
for services in terms of particular relations within the 
examined networks [4].

determines the edge time. The situation depicted in transfer 
spiders is regularly repeated after every time period.

The connections meet from opposite directions on the 
line (for trains crossing) because of timetable symmetry at 
intervals equal to half the time period. Thus, if the transfer 
node is situated in the time span of an integer multiple of half 
of the period, the meeting of lines from the opposite direction 
is just in these nodes.

The time interval between the symmetrical axes of transfer 
spiders of two adjacent transfer nodes is called edge time. For 
periods of one hour, the edge times are 30, 60, 90 minutes. 
In the systematised transport network described above, one 
point to any other point can be done without any major time 
loss from waiting for connections. This possibility should be 
given for round-trips back to the starting point, so that the 
axis of symmetry ends in the transfer spider. Therefore, the 
time required for the round-trip is equal to an integral multiple 
of the period. These laws show that the timetable conditions 
of this kind require contingent journey times between nodes; 
there is no need to prefer the maximum line speed, because all 
depends on a system travel time.

2. 	Description procurement systems in use today 

With the continuity of the traffic flow, it is necessary 
to choose two places with the coordinates x

1
 and x

2
 on the 

route of the transport flow. The size of the flowing masses 
(e.g. number of trains), located at time t, respectively, t + ∆t, 
between these points is:
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and thus, their difference, indicating a change of this size is:
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This difference of D can be expressed in other ways, such 
as the difference between during the interval (t, t + ∆t) flowing 
through point x

1
 and x

2
, and flowing off through point x

2
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From the merit of definite integrals results that at each 
fixed τ, or x is equally: 
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Transportation speed and achieving speed are important 
evaluation criteria for the quality of a  particular connection 
relation. They are convenient indicators for comparing public 
transport link connections with individual transport [6].

After processing the connections, an evaluation of a single 
session is necessary to evaluate the relation between tariff 
points on the network. For each session averages of criteria for 
all connections are calculated: the number of transfers, transfer 
time, the speed of transfer rate and speed of achievement [7]. 
For an example see Table 1.

3.1. Comparative analysis of selected indicators  
 for timetable assessment

Table 2 are processed the start-stop achieving speeds on 
selected connections and evaluated the average per relation 
from Bratislava hl.st to selected tariff points. Studied were 
timetable periods 2013, 2014, 2015 and 2016.

On the ground of the average values we can conclude 
that the examined start-stop achieving speeds have downward 
trend in the three periods, but the current timetable 2016 has 
contrary increasing trend. It shows that the timetable 2016 is 
in terms of start-stop achieving speeds better quality in general. 
It is an objective indicator for timetable quality evaluation. 

For assessing the connectivity and quality of connections 
in an examined relation (session), we identify the following 
factors, some of which are introduced in literature [2 - 6]:
•	 Number of connections N

s
 during the reporting day, direct 

connections as well connections with changes (transfers).
•	 Average waiting time of passenger W

i
. This is the time that the 

passenger has to wait for a connection to a point of departure, 
or possibly a transfer point. It is defined as half of the time 
between the departures of two successive connections.

•	 Distance route of relation L
i
. This is the travel distance by 

vehicles creating the connection. This criterion is important 
to calculate transportation speed and the rate of achievement.

•	 Type and number of trains creating the connection. This factor 
reflects the quality of transport services on the connection.

•	 Transportation time T
p
. Time between the departure from the 

boarding station on the route and disembarking the train at 
the destination railway station (tariff point).

•	 Number of transfers (changing means of transport) N
p
. This is 

the absolute number of changes of transport vehicles (trains) 
before reaching the target station.

•	 Transfer time T
w
. This is the total time that passengers spend 

waiting for connections at the transfer station (by changing 
means of transport) when using a particular connection.

•	 Achieving time T
D
. This is the time from embarking when the 

travel trip begins, to the arrival of the train at the destination 
railway station. It is calculated as the sum of the average 
waiting time and transportation time.

•	 Transportation speed V
P
. This is given as a proportion of the 

distance travelled and time of transfer.
•	 Achieving start-stop speed V

D
. This is given as a proportion of 

the length of the relation and achieving time [5].

Sample of connection assessment on the X – Y relation (workday)		  Table 1
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1 6:53 9:36 6.25 158 R, 2.72 0 0.00 8.97 58.16 17.62

2 8:03 12:20 0.58 192 R,Os,Os 4.28 2 0.28 4.87 44.82 39.45

3 10:53 13:44 1.42 158 R 2.85 0 0.00 4.27 55.44 37.03

n 18:53 21:35 1.42 158 R 2.70 0 0.00 4.12 58.52 38.38

Average per connection: 0.88 0.22 4.96 53.04 38.49

Source: Authors
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individual measures of the transport department of the size 
of its traffic share. This applies particularly to the number of 
changes in transport, the number of connections or transport 
distances [8]. For these reasons, empirical models are used 
for determining of the passenger flow characteristics (Lill’s 
model), which is closely related to the number of available 
network connection [2, 9 and 10].

4.	 An adequate number of network connections using 
the Lill’s model

In transport planning, it is possible to encounter situations 
where it is necessary to determine quantified estimates of 
the size of traffic flows between two points over a selected 
period of time (intensity, density), for situations where it is 
not possible to carry out a direct survey of transport demand. 
It is also necessary, in some cases, to determine the impact of 

Comparison of more timetable periods assessment according to the average start-stop achieving speed indicator 	 Table 2
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Timetable 2013 Timetable 2014 Timetable 2015 Timetable 2016

Kosice 66.62 Kosice 66.62 Turcianske Teplice 67.17 Kosice 65.09

Presov 65.33 Poprad 59.50 Trencin 65.21 Trencin 64.43

Poprad-Tatry 64.48 Cierna n. Tisou 59.07 Kuty 61.47 Nove Zamky 62.55

Zilina 62.92 Tat. Lomnica 58.79 Poprad 60.01 Poprad 62.27

Trencin 62.39 Nove Zamky 58.25 Nove Zamky 57.03 Presov 61.65

Trebisov 60.41 Trencin 57.25 Tat. Lomnica 56.86 Zilina 61.35

Cierna n. Tisou 59.07 Zilina 57.19 Sturovo 56.66 Trebisov 60.46

Nova Zamky 59.01 Turcianske Teplice 57.14 Piestany 55.17 Humenne 59.86

Gelnica 58.94 Sturovo 56.66 Sabinov 54.28 Kuty 58.31

Tat. Lomica 58.79 Strbske Pleso 54.24 Martin 54.08 Cierna n. Tisou 57.29

. . . . . . . .

. . . . . . . .

. . . . . . . .

Kremnica 36.78 Banska Stiavnica 32.81 Dunajska Streda 31.74 Prievidza 38.18

Zeliezovce 36.50 Vranov n. Toplou 32.49 Kremnica 30.97 Skalite 37.72

Myjava 36.16 Dunajska Streda 31.67 Utekac 30.61 Kremnica 37.57

Makov 34.74 Kremnica 30.97 Vranov n. Toplou 29.77 Skalica 36.08

Dunajska Streda 33.86 Utekac 30.53 Bardejov 27.80 Banska Stiavnica 34.49

Sahy 33.31 Bardejov 27.61 Stara Lubovna 26.03 Dunajska Streda 32.05

Banska Stiavnica 28.84 Záhorska Ves 25.33 Makov 25.55 Sahy 31.61

Zahorska Ves 23.72 Makov 25.18 Zahorska Ves 25.33 Zahorska Ves 25.21

Zlate Moravce 18.60 Zlate Moravce 19.58 Zlate Moravce 18.56 Zlate Moravce 18.91

Average per connection 47.34 Average per connection 43.26 Average per connection 43.22 Average per connection 47.86

Source: Authors
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where:
j
1,2 

	 optimal number of trips between the two settlements for 
a specified time period

A
1
	 population (current in thousands) at first, starting, point 

(settlement)
A

2
 	 population (current in thousands) at first, transit, point 

(settlement)
A

n
	 population (current in thousands) at terminal point 

(settlement)
d

1
 	 availability of railway station / stop (the distance from the 

settlement centre) of starting point [km]
d

2
 	 availability of railway station / stop (the distance from the 

settlement centre) of first transit point [km]
d

n
 	 availability of railway station / stop (the distance from the 

settlement centre) of terminal point [km]
l
1	

distance between the starting and the first transit point 
[km]

l
2	

distance between the first and the second transit point 
[km]

l
n-1	

distance between the last transit and the terminal point 
[km]

n	 number of points (stops) within a  transport relation, 
including start and terminal points

K 	 modified original gravity model index.

The formula represents in detail the dependence of 
quantitative indicator of the quality of transported passengers 
and the indicators of population, transport distance and 
accessibility of stations (stops). From its structure it shows 
that the number of summands in the numerator of the main 
fraction is dependent on the number of train stops at different 
stations and stops in the relation. The modified original gravity 
model index is determined by expert estimation and generally 
takes the value of 5 – 25. It depends on the nature, distance, or 
even the number of individual settlements on a given relation. 
In case of major number of stops and the relatively short 
distances between the transport points the index will acquire 
lower values. In case of fewer stops and longer distances 
between these points the index will acquire higher values [7 
and 13].

5. 	Conclusion

The proposed methodology is used for the possibility 
of achieving any pair of tariff points in a selected railway 
network comprehensively. It not only offers an evaluation of 
the connectivity of a particular relation, but also objectively 
assesses the availability of connections between two 
selected tariff points, based on quality indicators such as 
average number of transfers, average waiting time, average 
transportation speed, and average achieving speed. This 

4.1. Lill’s model

Lill’s model is used to determine the approximate number 
of connections between two settlement units, where the 
distance is generally considered between centres. Lill’s model 
has the following form [2]:

j d
A A

K, n1 2
1 2$ $=  	     (7)

where:
j
1,2 

	 number of trips between the two cities for a specified time 
period

A
1,2

 	population (in thousands) at specific locations
d 	 distance places
K 	 index (is depending on the largeness and binding of 

locations 1 and 2),
N 	 value approaching the value of 2.

4.2. Expansion possibilities of the gravity model

Due to the large variation of optimal values in ​​Lill’s 
gravity model and of actual values, it is essential to modify the 
current formula for optimal number of connections between 
two points. This expanded formula shall give more real values 
as well to be an objective evaluator of quality of transport 
relations and connections [7 and 10].

The current formula Lill’s gravity model considers only 
the population of origin and destination traffic and point 
to their remoteness, the objectivity of the evaluation is not 
satisfactory. The proposed extension of the model under 
consideration, with a population in transit traffic points within 
those programs, as well as distance of railway station (stop) 
from the centre of individual towns and villages of surveyed 
session. Transit traffic point in this case means any train 
station, which is considered the loading and disembarking 
of passengers. These factors may also significantly affect the 
number of passengers carried and thus the number of optimal 
connection of the session [11].

The extended model will reflect the fact that the population 
of individual settlements is directly proportional to the 
number of transported passengers, but the distance between 
settlements and access to railway stations (stops) is inversely 
proportional to this number. This modified model will consider 
an optimal number of connections in passenger rail transport 
only, generally in one direction (for both directions the value 
will be multiplied by two). The proposed formula for the 
extended Lill’s gravity model is [2 and 12]: 
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Another aim of the article is to outline the methodology 
for determining the required number of transport links 
between settlement units in passenger traffic. In terms of 
passengers, it must assess the availability of opportunities 
to travel between selected points on the transport network. 
Offering transportation from point A to point B in principle 
affects transportation time, the number of connections and 
the number of travel opportunities. On connections and 
the transfer, connections are thus influenced by a number 
of factors in transport planning, which is the basis for the 
empirical model [13].
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enables us to evaluate the quality of the travel opportunities 
in this area by using selected indicators. Subsequently, using 
multiple criteria analysis allows us to evaluate the degree of 
customer satisfaction with selected quality attributes based 
on their importance. Ultimately, it is possible to examine 
the statistical dependence of the number of transported rail 
passengers by examining the quality connection of the network 
[11, 13 and 14].

The proposal will contribute to the creation of a competitive 
transport system that efficiently uses system resources. Such 
is the plan of a Single European Transport Area within the 
purview of the white paper, ‘Roadmap to a Single European 
Transport Area-Towards a competitive and resource efficient 
transport system’. This aims for the attainment of an efficient 
and integrated system of mobility. The importance of the 
quality, accessibility, and reliability of transport services in the 
coming years may be even more important [15 and 16].
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