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1. Introduction – our motivation to solve the problem

Aircraft scheduling is a basic problem which must be solved 
by airlines again and again [1]. A  flight schedule which is 
well designed enables to plan effectively the most of operating 
activities that the airline must carry out. If the activities are not 
planned well, other redundant costs usually arise. In air transport, 
the redundant costs may essentially increase operating costs of 
the airline.

The paper is a continuation of thesis [2]. The thesis had two 
basic goals. The first goal of the thesis was to find out ways how 
charter airlines in the Czech Republic create the flight schedules. 
The author found out that the charter airlines do  not employ 
any optimization methods for planning the operating activities. 
The second goal was to propose a  mathematical model which 
was able to plan one of the operating activities – namely time 
positions of charter flights (flight scheduling) – effectively. The 
author stated that the optimal flight schedule is such schedule 
for which we need the minimal number of aircraft to serve all the 
planned flights. However, we usually meet with the minimization 
of the number of used transport means when we plan vehicle 
scheduling. Nevertheless, optimization methods enable us to 
join both problems and solve them simultaneously. The goal of 
the paper is to ascertain how the computation times depend on 
changes in input data values.      

2. The state of the art

The optimization methods have been successfully employed 
for solving a lot of problems from practice. In the section we focus 
on some applications which are devoted to passenger transport 
in general. After it we present some concrete applications in air 
transport.

The optimization methods are most often used for planning 
route nets [3], [4], [5] and [6], for creating tariff zones [7], [8], 
[9] and [10], for time coordination of connections [11] and [12] 
or for vehicle scheduling [13], [14], [15] and [16].

In air transport, the optimization methods have been used for 
example for planning flight or crew timetables [17], maintenance 
[18] or for planning flight progress [19]. In literature, we can 
often meet with some combinations of different optimization 
tasks which have been listed in the previous text. Most often, 
flight scheduling is combined with crew scheduling [20] or flight 
scheduling with maintenance scheduling [21]. To solve the tasks 
connected with air transport linear programming [17], dynamic 
programming [18] or various heuristic methods [21] or memetic 
algorithms [22] are applied.

In the following section of the paper the solved task will 
be defined and its model will be presented. Further, some 
experiments with the model will be carried out in order to satisfy 
the goal of the paper. 
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idle. The groups of constraints (4) and (6) model the time limits 
for admissible aircraft transfers among the flights. The group 
of constraints (5) ensures that each flight is realized in a  given 
time interval. The groups of constraints (7) and (8) represent 
domains of definition for the variables used in the mathematical 
model. The number of the variables is equal to m m22 + , where 
m defines the number of the planned flights. The number of the 
constraints equals to m m2 6 12 + + .

4. Experiments

All the experiments were carried out using an example. The 
aim of the experiments was to verify functionality of the model 
and to find out dependence between changes of input data 
values (for some categories of input data) and calculation times. 
More specifically, we tried to change the time intervals which 
are intended for serving the planned flights. The calculation was 
done for the number of the planned flights which was equal to 5, 
10, 12, 14, 16, 18, 19, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40 
and 42 flights. The time interval dk that is necessary to realize 
the planned flights was gradually modified from 160 minutes to 
1000 minutes with a step equal to 30 minutes. The result of each 
experiment is the minimal number of the aircrafts we need to 
serve all the planned flights within the given time interval. The 
constant t, which expresses the time we need to fly to a certain 
destination, was supposed to be 100 minutes due to non-existence 
of real data. The constant x , which models the time the aircraft 
must spend at the airport after serving the flight Ii ! , was set to 
60 minutes for the same reason. The prohibitive constant T was 
equal to 106 for all the experiments. 

The optimization experiments were carried out using software 
Xpress-IVE [23]. Each calculation was repeated three times. 
The total number of the experiments was 681. The calculations 
were realized using two independent personal computers. The 
small-scale experiments were solved using the personal computer 
equipped with Intel Pentium CPU b950, 2.1 GHz and 4GB of 
RAM, only a demo version of software Xpress-IVE was installed 
on the computer. The large-scale experiments were run on 
the personal computer with Intel Core 2  6700, 2.66 GHz and 
2.93 GB of RAM with a  full version of optimization software  
Xpress-IVE.

The results of the experiments are summarized in Table 1. All 
the values of the computation times are given in seconds. The first 
row of each table corresponds to the number of the connections.

The second row, which is labelled dk, defines the time 
intervals that are given for serving all the planned flights. In the 
tables that correspond to the experiments for the number of the 
planned flights equal to 5 up to 19 the time intervals are divided 
into sub-intervals. Bounds of the sub-intervals were defined 
according to the number of the used aircraft. For example, in the 
case of 5 connections the same number of the aircraft (5 aircraft) 

3. Mathematical model

Let a  set I of connections, which must be served, be given. 
For the defined set of the connections a time interval of a length 
dk, in which the departure must be realized, is specified. For 
each connection i I!  a  flight time t

i
 and a  time ix  necessary 

for a consecutive flight preparation (the time spent at an airport 
after finishing the flight) are given. Our task is to decide about 
departures of individual flights and to find out in what order the 
individual flights have to be served by the individual aircraft so 
that the number of the aircraft used to serve the planned flights 
is minimal.  

To model our decisions we need some variables. We will 
define two groups of the variables. The first group is represented 
by a  variable x

i , j
 which models our decision about transfers of 

aircraft among the flights i I 0,! " , (please note that the 
symbol 0 represents a starting point which can be, for example, 
a hangar where the aircraft are located) and j I!  (if the variable 
x

0 , j
= 1, then a new aircraft is assigned to serve the flight j I! ). 

The second group forms the variables y
i
 that model the departure 

times of the flights to the individual destinations.
The mathematical model has the following form [22]:

,min f x y x ,j
j

0=
!

^ h / 	 (1)

subject to:

x 1,i j

i I 0

=
,! " ,
/  for j I! ,	 (2)

x 1,i j

j I

#
!

/  for Ii ! ,	 (3)

y y t T x 1,j i i i i j$$x- + + -^ ^h h for i I 0,! " ,  
and j I! ,	 (4)

y dki #  for Ii ! ,	 (5)

x 0,i i =  for Ii ! ,	 (6)

,x 0 1,i j ! " , for i I 0,! " , and j I! ,	 (7)

and 

y Ri !
+  for Ii ! .	 (8)

Equation (1) calculates how many aircraft we need to serve 
all the planned flights. The group of constraints (2) ensures that 
each flight is served. The group of constraints (3) assures that 
only one activity is planned for each aircraft after serving the 
flight. That means the aircraft can be assigned to a  consequent 
flight (which must meet a time limit for the aircraft transfer) or is 
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difference between Best solution S
b
 and Best bound B

b
 divided by 

Best solution S
b
; the result is multiplied by 100 to express the gap 

value as a percentage. In the tables for the number of the flights 
lower than 20 the range for the gap values is listed. In the tables 
for the number of the flights greater or equal to 20 the individual 
gap values are shown. 

gap S
S B

100
b

b b $=
-

	 (9)

The last row of each table indicates the objective value that 
represents how many aircraft we need to serve all the planned 
flights. It is more than obvious that in the case of the experiments 
with shorter time intervals the planned flights cannot be served 
only by a  sole aircraft. Therefore several aircrafts must be used 
to serve the flights.

was used when ;k 160 310! . Dividing into the sub-intervals 
was done because of large amount of obtained data.

For the given number of the flights planned in the certain 
time interval, the experiment was always repeated three times. 
The results of the individual computational experiments (the 
individual calculation times) are listed in the rows labelled 1., 2. 
and 3. In the tables that correspond to the number of the planned 
flights from 5 to 19, the range (the highest value minus the lowest 
value) of the calculation times we got by the experiments is given. 
In the tables that represent the results for the number of the 
planned flights greater or equal to 20 the individual calculation 
times are shown.

Next rows represent sample averages and variances computed 
on the basis of the calculation times. The row named gap 
represents a measure of solution inaccuracy. The gap value can 
be calculated using formula (9). The gap is calculated as the 

Results of experiments		  Table 1

number of flights: 5

dk (intervals) [min] 160 – 310 340 – 460 490 – 610 640 – 790 820 – 1000

1. [s] 0 0 0 0 0

2. [s] 0 0 0 0 0

3. [s] 0 0 0 0 0

average [s] 0 0 0 0 0

gap [%] 0 0 0 0 0

objective value 5 3 2 2 1

number of flights: 10

dk (intervals) [min] 160 – 310 340 – 460 490 – 610 640 – 790 820 – 1000

1. [s] 0 0.1 0.4 – 17 0.8 – 8.5 6.3 – 84.5

2. [s] 0 0.1 0.4 – 16.2 0.8 – 8.9 7.9 – 83

3. [s] 0 0.1 0.4 – 16.4 0.7 – 9.5 6.3 – 92.6

average [s] (variance) [s2] 0 (0) 0.1 (0) 5.07 (39.01) 6.81 (8.17) 40.6 (942.64)

gap [%] 0 0 0 0 0

objective value 10 5 4 3 2

number of flights: 14

dk (intervals) [min] 160 – 310 340 – 460 490 – 610 640 – 790 820

1. [s] 0 0.1 – 0.4 312.1 - 1200 3.9 - 1200 1200

2. [s] 0 0.1 – 0.4 266.5 - 1200 3.7 - 1200 1200

3. [s] 0 0.1 – 0.4 268.8 - 1200 3.8 - 1200 1200

average [s] (variance) [s2] 0 (0) 0.19(0.002) 1012.4 (43244.2) 806.3 (35428.2) 1200 (0)

gap [%] 0 0 0 - 80 0 - 100 100

objective value 14 7 5 4 3
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Results of experiments		  Table 1

number of flights: 16

dk (intervals) [min] 160 – 310 340 – 460 490 – 610 640 – 790 820

1. [s] 0 0.2 – 0.4 1200 1200 1200

2. [s] 0 0.2 – 0.4 1200 1200 1200

3. [s] 0 0.2 – 0.4 1200 1200 1200

average [s] (variance) [s2] 0 (0) 0.27 (0.009) 1200 (0) 1200 (0) 1200 (0)

gap [%] 0 0 16.66 – 83.33 75 – 100 100

objective value 16 8 6 4 4

number of flights: 19

dk (intervals) [min] 160 – 310 340 – 400

1. [s] 0 1.2 – 1200

2. [s] 0 1.1 – 1200

3. [s] 0 1.1 – 1200

average [s] (variance) [s2] 0 (0) 435.5 (330835.9)

gap [%] 0 0 – 45

objective value 19 10

number of flights: 20

dk [min] 160 190 220 250 280 310 340

1. [s] 3.9 4.1 3.2 3.2 3.8 3.0 300

2. [s] 3.9 4.1 3.2 3.4 4.0 3.0 300

3. [s] 3.9 4.1 3.2 3.2 3.8 3.1 300

average [s] 3.90 4.10 3.20 3.27 3.87 3.03 300.00

gap [%] 0 0 0 0 0 0 100

objective value 20 20 20 20 20 20 10

number of flights: 24

dk [min] 160 190 220 250 280 310 340

1. [s] 6.5 5.8 10.2 5.9 7.9 7.6 300

2. [s] 6.5 5.8 10.2 5.8 7.9 7.7 300

3. [s] 6.5 5.8 10.4 5.9 7.8 7.7 300

average [s] 6.50 5.80 10.27 5.87 7.87 7.67 300.00

gap [%] 0 0 0 0 0 0 100

objective value 24 24 24 24 24 24 12

number of flights: 26

dk [min] 160 190 220 250 280 310 340

1. [s] 8.9 8.9 9.2 6.2 7.6 7.2 300

2. [s] 8.8 8.7 9.1 6.1 7.5 7.2 300

3. [s] 8.8 8.6 9.2 6.1 7.5 7.2 300

average [s] 8.83 8.73 9.17 6.13 7.53 7.20 300.00

gap [%] 0 0 0 0 0 0 100

objective value 26 26 26 26 26 26 13
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Results of experiments		  Table 1

number of flights: 30

dk [min] 160 190 220 250 280 310 340

1. [s] 10.6 7.4 8.7 11.0 7.0 13.2 300

2. [s] 10.6 7.4 8.8 11.0 7.0 13.2 300

3. [s] 10.6 7.4 8.7 11.0 7.0 13.2 300

average [s] 10.60 7.40 8.73 11.00 7.00 13.20 300.00

gap [%] 0 0 0 0 0 0 100

objective value 30 30 30 30 30 30 15

number of flights: 34

dk [min] 160 190 220 250 280 310 340

1. [s] 22.1 17.8 13.9 14.2 15.8 14.2 300

2. [s] 22.0 18.0 13.9 14.2 15.7 14.2 300

3. [s] 22.0 17.8 14.1 14.3 15.7 14.1 300

average [s] 22.03 17.87 13.97 14.23 15.73 14.17 300.00

gap [%] 0 0 0 0 0 0 100

objective value 34 34 34 34 34 34 17

number of flights: 38

dk [min] 160 190 220 250 280 310 340

1. [s] 38.0 32.4 24.8 25.6 31.3 38.7 300

2. [s] 38.1 33.4 24.7 25.7 31.2 38.8 300

3. [s] 37.9 33.3 24.7 25.6 31.2 38.8 300

average [s] 38.00 33.03 24.73 25.63 31.23 38.77 300.00

gap [%] 0 0 0 0 0 0 100

objective value 38 38 38 38 38 38 19

number of flights: 40

dk [min] 160 190 220 250 280 310 340

1. [s] 51.5 65.9 36.0 37.0 36.4 38.5 300

2. [s] 51.3 66.4 36.2 37.0 36.5 38.5 300

3. [s] 51.4 66.5 36.2 37.1 36.5 38.5 300

average [s] 51.40 66.27 36.13 37.03 36.47 38.50 300.00

gap [%] 0 0 0 0 0 0 100

objective value 40 40 40 40 40 40 20

On the basis of obtained data the general dependence of 
the calculation time on the interval width  and on the number 
of the planned flights was confirmed. The experiments revealed 
that if the interval width  and the number of the planned flights 
increase, the calculation time increases as well. The experiments 
also showed that the proposed mathematical model is relatively 
efficient for lower numbers of the planned flights per day 
(approximately up to 15 connections per day, such number is 
enough for middle charter airlines) and enables its practical using.

5. Conclusions

During the testing the model solvability we carried out 681 
calculations. By the testing we evaluate the functionality of the 
linear mathematical model. According to our assumptions the 
number of the aircraft we need to serve all the planned flights 
decreases with the increasing length of the time interval we 
have for realization of the flights. By the testing we proved the 
dependence of computation times on the number of the flights 
- see Fig. 1.
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