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COMMVINICIONS

MONOMIAL CURVES IN AFINNE SPACE AND THEIR
ASSOCIATED PRIME IDEALS WITH SIX GENERATORS
AS SET-THEORETIC COMPLETE INTERSECTIONS

The paper deals with the problem of the expression of associated prime ideals of monomial curves in the affine space A* as set-theoretic

complete intersections. We describe some associated prime ideals, a minimal generating set of which has six elements and we prove that

these ideals are set-theoretic complete intersections. Corresponding monomial curves are intersections of three hypersurfaces and we find the

equations of these hypersurfaces.
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1. Introduction

It is known that k-dimensional algebraic affine variety is
intersection of not fewer than n - k hypersurfaces in n-dimensional
affine space A". There is the presumption, that a number of these
hypersurfaces is exactly n — k. In this case we can say, that they
are ideal-theoretic or settheoretic complete intersections. This
is also equivalent to the fact, that either the associated ideal I of
this variety has generators (ideal-theoretic complete intersection)
or the ideal / is radical of an ideal a, a € I, the ideal a has
n - k generators (set-theoretic complete intersection). The number
n - k is also height of the ideal /. The ideal is called a set-theoretic
complete intersection (s.t.c.i., for short), if there are s=ht(/)
elements g, g,, g,...- g, such that rad(/)=rad(g,. g, &,.--- &)-

Let K be an arbitrary field, R = K[X],Xz,X3,X4,] the
polynomial ring in four variables over K. C = C (nl, N, N3, n4)
amonomial curve in affine space A4* over K having parameterization
xi=t"ie {1,2,3,4}, where 7,,M,,M3,M, be positive
integers with g.c.d. equal 1 and 7,,n,,M3,n4 is a minimal set
of generators for the numerical semigroup H = <n 1,n2,n3,n4>.

The ideal P of all polynomials f<x1,x2,X3,X4> € R such
that fA(¢",¢",¢",t") =0, ¢ transcendental over K, is the
associated prime ideal of ring R of the monomial curve C. P is
the corresponding ideal with dim(P)=1 and height ht(P)=3. In
particular, associated prime ideal P of monomial curve C in A* is
as.tc.i, if P=rad(g . g,. g,) and also a monomial curve Cis a s.t.c.i.
(more information in [1]).

The general problem of whether all associated ideals of
monomial curves (or monomial curves) are s.t.c.i. is still open.
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There are nevertheless some partial results in this direction.
E.Kunz [1] showed that every monomial curve in 3-dimensional
affine space is a s.t.c.i.

In 4-dimensional affine space A%, H. Bresinsky proved that
if numerical semigroup H is symmetric, then the monomial
curve C(nl,nz,ng,m) and its associated prime ideals are
s.t.c.i.(see [2]). D. Patil presented in [3], if # - 1 numbers among
m.m,,...m form an arithmetic sequence, then C=C(m m,,...m,)
in A" is s.t.ci. S.Solcan dealt with monomial curves
C(p p*+p.p*+p+1,(p+1)) in 4 as stci. for the
positive characteristic of the field K char K = p # 0[4] and
for char K = 0 [5]. W. Gastinger in [6] proved that associated
prime ideals of monomial curves in A* are s.t.c.i. if minimal
generating sets of these ideals have four generators. We showed
that associated prime ideals of monomial curves whose minimal
set of generators have five elements is s.t.c.i. [7].

2. The associated prime ideal P of the monomial curve C

Let a binomial term H Loxl— H L xl e P, where
Y9:=0, i€ {1,2,3,4}. It is clear that Z}Ll
Yini = 214:1 Bin;.

We have basically two types of binomial terms of P:

alwl = xl'al, {0k, 1y ={1,2,3,4},7.7,7:Y: # 0

or X7 —xyxa ik, ={1,2,3,4}, 7. # 0.

We denote the binomial term x7 — x5’ XX/ by (xj) if
r; is minimal and by (x},x7) if x7—xZx{"x{" € P with r;
minimal and O; =r;,0( = &; = 0. Every generating set for
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P contains for each i(i (S {1, 2,3,4}) at least one polynomial

X7 —x, "xp“x{" with r; minimal. We also denote polynomial
X — x0T xTx by (xf"(k,l)) it 7/ is minimal with respect to the

condition either o¢;; # 0 or &y # 0. We defined as H. Bresinsky
a set in three cases as follows:
»  For binomials (x§) s =1i,],k, l,{i,j, k,l} with at least
two exponents o not zero, h € {i,j,k, l} — {s} let
B = {(x7), (), (x2), (x7)}
« Let (x7,x7) E P but (x7,x7") & P. Then either
B ={(x7,x7),(xi), (%)} or
B={(x\x; ) (xk) ,) (] (k1))
B={(x},x}

xf,x7 ), (ak xf }UCCC{(x/

(x7'(i.))}-

We write x/"x7" £ xl"x!" if either Y, > Y, and
Y i1 > Y 2 or the inequalities are reversed. For binomials we write
X1 = altal" £ x]7x1" — xI°x]" if & holds between the first
and second monomials of this binomials, i.e. if x/"x!" ¢ x/*x?"
and x]"x]" & xlxl”.

We next define a set Dy,i # j,{i,j} € {1,2,3,4},

Dy, ={f=xI'xV—x"xI"{k, l} c{1,2,3,4}—{i,j}.

Y < ri for the polynomials ( (k, l) ifhe {l,j}, for the
polynomials (x7 (i,7)) if & € {k, l} and for each binomial term
fr=xl'xl—xl"xI"eP,f #fis f £f}.

The definition of sets B,D,_/_ gives
Corollary 2.1
1. If B ={(x7),(x%),(x5),(x5)} and xI'x? —xl'x]'€ Dy,
{i,jk, 1} = {1,2,3,4}, then v, < r,h €{1,2,3,4}.
2. Let B={(x},a),(x0),(x7)}. 1 xV'xl* — xV'x]' € Dy,
or xI'x]'—xVxl' € Dy, {i,j,k,1} ={1,2,3,4},
then ¥, < rih € {i,j}. 1f xI'x] —x['x]" € Dy,
{i,j,k,1} ={1,2,3,4},then v, < ri,h € {k,1}.
3. Let B={(xrx7),(xr),(x0).(x7 (k, 1))} 1
x'xl' = xVx]" € Dy, or xI'x!'—x!'x!" € D,
{i,jk, 1} ={1,2,3,4}, then y, < r,h € {i,j}. If

x!I'x] —xl'xl"€ Dy, {i,j,k, 1} ={1,2,3,4}, then
v <rnhe{kl}.

4. Let
B ={(xf,x7),(xt,x1)}U C,C S {(x] (k,1), (7 (i,/))}-
If xI'x!" —x7'x]' € Dy, or xI'x]'—xVx]" € Dy,
{ijok 0} ={1,2,3,4}, then y, < r,h €{1,2,3,4}.
If x!'x? —xl'x]" € Dy, {i.j.k, 1} ={1,2,3,4}, then
ve <rhe{jl}

In [8], H. Bresinsky gives the following theorem.

Theorem 2.1
M=BUD;UDUD,{ijk1}={1,2,3,4} is a minimal
generating set for the associated prime ideal P = P(nl, N, N3, m)
of the monomial curve in A*.

We can find in [6], Lemma 7.1, the next property of minimal
generating set for a prime ideal P.

Lemma 2.1 Let g, = t be a monomial

[Teixlj=1,..,
term in R.
Let M={x'ﬂ —gl,xéz—gz,g3—g4,...,g,71—g,} be
a minimal generating set for the associated prime ideal P of the
monomial curve in A If x,| g and x| g, then there is an
integer k,3 < k < t with ge = x0'x3.

Following theorems we proved in [7].

Theorem 2.2 Let B = {(x7),(x%),(x5),(x%)} € M, where
M is a minimal generating set for the associated prime ideal P of
a monomial curve in A* If xi—x{'x{*xi" € B and o # 0,

{i.jk,1} ={1,2,3,4}, then a;; <,

Theorem 2.3 Let B = {(x7,x7),(xi),(x7).(x7 (k,1))} and
BCM, {i,j, k,l} = {1, 2,3, 4} where M is a minimal generating
set for the associated prime ideal P of a monomial curve in A*.

If o, #£ 0, then o < 1.

If 0y # 0, then oty < 1.

Ifa;, #0, then oy <rju=k,l.

Ifo; #0, then o, < r,u=k,l

Theorem 2.4 If B= {(xf’,x}’),(xl‘,xf’)}u CCM,
CC{(x (k1)) = x) = xfxx (x7 (i) = i — x x5 x5},
{i,j,k, l} = {l, 2,3, 4} and M is a minimal generatmg set for the
associated prime ideal P of a monomial curve in A*. Then O,; < r;
and Oy < 1y.

Theorem 2.5 Let P be the associated prime ideal of a monomial
curve in A*

Let B ={(x7),(x%),(x5),(x%)} and
M =BUD\,UD\;UD,, be aminimal generating set for
the ideal P, x'x" — xI'xI' € Dy, {i,j,k, 1} ={1,2,3,4}. I
(xr) € B,s €{k,1},(x7) = x"—N, and N, = x*'x’, then
either Oy > YiNQy < Y 0r Oy < YiNQ; > Y.

When we use permutation of index (i,j,k,l) — (k, l,i,j) in
Theorem 2.5 we receive following

Corollary 2.2 Let P be the associated prime ideal of a monomial
curve in A*,

Let B ={(x7),(x%),(x5),(x%)} and
M =BUD\,UD\;UD,, be aminimal generating set for
the ideal P, x!'x!' —xI'x]'€ Dy, {i,j,k,1} ={1,2,3,4}. I
(x7) € B,s €{k,1},(x?) = x" =N, and N, = x2*x{", then
either Oy > Y Ny < Yi0r Oy < YNy > Yo

3. The minimal generating set for a prime ideal P
having six generators

The inducted propositions give necessary conditions on
a minimal set of generators for an associated prime ideal P of
a monomial curve in 4*. When we use methods presented in [9]
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-[11] and we also suppose that the minimal generating set M has
six generators

Qik Wil Qji WO jk O(JI

M= {x, — X7 K x = x K

X = x0T af = X X — xF xl (1)

.xi 'x,' - Xj/xkk}
where {i,j,k,l} = {1,2,3,4}, O and Oj are not equal to
zero, we get that there is an ©# € N, and all exponents must
satisfy the following equations:

ri= aji+aki+(u+ 1)ati,

ry = O(U-i-O(kj-i-(u-l- 1)O(U,

Te = Oy + Oy,

1=+ 0 =Y+ A,

(u+1)r =+ 0+ ay, ()
W;=0,;+U;,;=0;+ 0+ udy,

W =0, = 0yt Oy — ur,

Yi= 0+ Ou+ulyy;= 0;+ oy,

Y= O, Y= Oy + Oy — uri.

4. Set-theoretic complete intersection

In this section we will prove that each associated prime ideal
P of the monomial curve C, whose minimal generating set M
has description (1) is s.t.c.i. and the corresponding monomial
curve C is also s.t.c.i. We show that C is an intersection of three
hypersurfaces and we give the equations of these hypersurfaces.

Theorem 4.1 Let
monomial curve C in A*.

P be the associated prime ideal of the

Ir M={x xf”xk x5 ,x, — X7 ok — T a
X7 = Pl x x = x xxla] = x i xl }zs a minimal genera-
ting set for the prime ideal P, where {l,J,k,l} = {1,2,3,4}, Qi
and Q. are not equal to zero and exponents satisfy equations (2)
for some u € Ny, then this prime ideal P (monomial curve C) is

a set-theoretic complete intersection.

Proof. To prove our claim we need to show that
P= Rad(gl,gz,gg), g EPse {1,2,3}. We find expression
of polynomials g, € P,s € {1,2,3}.

Now we denote polynomials from the minimal generating set M
as g, = x¢ —xfx gy = xf —x, {i .k, 1} ={1,2,3,4}.
When we add a polynomial g € ( 22,83 ) to a polynomial f€ R

Qji WOk WO ji

we denote it as — . Let F, = x7 —x{"x{"x;”, then we have

Fin= (_ l)rmzz‘gorkr[(r;lrl)(_ 1) (x’ X Dtjkxog;)rur /xx:, )

We denote b;, = rkr1(r;lr’)(_ l)rmﬂl,h = 0,...,r/<r[.
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FT n

ajer b a,, rer—h)+ oo xri— /l)x a,khx (Xk/(a,kll—h)+&,r(r‘u‘z—h)xfjh*’akj(ajkﬂ’h)
E k ! J

2 b (e a ) X

h=0ojeri+1

Qi Lk m/)(a/k’/*h)]

[lf h S (X/,J’,, then xkalk(rmih) — X aich (.x .x X

a/mb a,, reri—h)+aki(ori—h)+ou( e+ u(ori—h)) . oih
- h Xk

(a,“, h) r/,+ak/(a/kn—h)+ay/(aﬂa,wu(a/m—h)))

! X

e a ok o Yn—h _ rih
+Y (@ x Y

h= D(/U/Jrl
[if & < 01, then

au(akri—h)+a(rern—h)

Xi

ajkY1— l
-2

aith m+m,(0!,m h)+ou( ottt u( ot jeri—h)+ oty 1— h))

XX

ajkri
+2
h=a le

aith rﬂ#dk;(a/krr*h)*m/(Ot//arkﬂl(a,krr*h)JrOQAYr*h))

- xly/(ow-,—h) (.X?”’ij” )Dlﬂarﬁu(&/m*h)]

a,,(rm—h)+am(a,m—h)+au(a,;tx,k+u(wn—h)+a,n/:—h) aih

Xk

( or,,(rm h)+aki(otjeri—h)+oui( oo+ u( o jiri— h))x Qich
k

XX

. r— i 7 =
[lf h < ajk’y}, then x[y:(a,u h X?m (x?nxzjy_z )a/m 1]

h=0
x(x”rm+a,u:(m,-%—uan)-%—ah((x,AYH—(Z,;OM) rih
1
Ojkrt ajireri+a i o+ uo)+ oot Qi —(ri—=Qih _ orh
+ nX X
h=ajy1 i

+Zrm b (x:x/,x a,kxa,,)rm hx(;,,h+(m,u+m,)(hfa,kr/)+a/,(h—a,kyraﬂa,k))
h=ajn+1

QOO+ QL O i+ OLOL ik
8-
L

Let F, = xi' — x7' x> x [
know that x j“”)"““"Fz =—x"x"Fimod(g,g,)

and it is easy to see that

e 2 (<1 (e )
mod(g,g,).

and
Frm_ OLOL jk Okt + Ol O jr 1+ O ji Tk
1 = Xj

ajyi—1
AN OO RO+ OGO i1+ OOt Tk g Qjj
=} (E by (X7 x

(otjri—h) . ih+ou(h—ajeyr)

x! by

=X;

" be another generator of the ideal P. We

g1 mod(g,g,). (3)

We know that R/(g,g,) is a module over K[x{..x/_] and {g,g,} is
a Grobner basis for (g,g,) with respect to the lexicographic order,
tflking x,>xk>xj>xl_. By [12], Chapter 1, § 3: Exercise 4 each element
f € RI(gag5)is uniquely expressed f=al-1+-+af xi'
tayx +etaloxxi Fetaloxl Feranxlxl + (82,85 )
ai € K[xux,),n=1,2,..,n. Clearly, the module R/(g,g,) has
a linearly independent basis {1 xi } over K[x, x] thus is
free module over K[xfk/_] and its rank is r,r, Therefore

Q0L 1+ O O ji i+ ik Otk

F;m = (_ 1 )rmxj gl mOd(g_vgj) (4)

We denote the generator xixi* —xj"x{" of ideal P as F,.
Moreover,
X3 Fy ==x7"""""F\ mod(g,g,). hence
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xjxuwngm = (_ 1 )rm (xf'l”x;(”)rk(a'l+a“7“m)F/11N MOd(gz,g3).

We use the same properties as above and we have
a consequence,

Frm _ (_ l)rm aur(oui+yi—ai) a0+ oo d( ) (5)

3 = X X g1 mo g2,gj

We denote the generator x!'x{' —x]'x{" of ideal Pas F,. We
know that x§"“F, =—x{"F, mod(g,g,) and
x(jm,Jrum,)mann = (_ l)rm (x?(k,x?”,)mam (x(lx,,x?gI;)axra:A F’IW mod(g?gj)

When we use the same method as above, we get
F:lm = (_ l)r’k/'/‘x?tkrﬂlu\)‘1+(11:aklarkx7m'}’//lg1 mod(g?g]) (6)

If Pis the associated prime ideal of the monomial curve, then
P-Rad(P) and g, € P. This implies that (g,g2,g:) C P and
this inclusion induces Rad(gl,gz,gg) € P =Rad(P). From (3),
(4), (5), (6) then we can easily get P QRad(gl,gz,gg). Then
P=Rad(g,g,g,) and the proof is completed.
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