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1. Introduction

In recent years there has been a constant progress in develop-
ment of discrete models. These models support solving complex
manufacturing tasks. The outstanding progress has been made due
to a variety of more powerful and more flexible methods. There are
features that are common to all discrete choice models but the con-
stant progress concerning the area of simulation forms new back-
ground for the decision maker who has a choice set at his disposal
in the form of options. A variety of choice situations can be rep-
resented in a more realistic way letting us solve problems which
were previously unapproachable. Discrete choice models are to
integrate many aspects of the synthetic environment e.g. a choice
over products to realize. Discrete simulation is a technique where
the simulation is advanced from event time to event time rather
than using a continuously advancing time clock as in continuous
simulation [1].

A manufacturing system itself can be regarded as a collabora-
tive network of autonomous manufacturing resources in which the
responsibility of decision making is also decentralized into individ-
ual entities. Therefore, problem complexity of resource manage-
ment has been drastically increased. Reducing problem complexity
by means of iterative decomposition of problems remains a prior-
ity [2].

By means of a concrete example, it is possible to apply the
method of multiple criteria integer linear programming method in
dealing with the problem of determining an optimal optimization
[3].

The problem of determining the optimal production plan for
a certain period of time can be dealt with efficaciously by the method

of multiple criteria programming. The most important problems
during planning production is the selection of optimization criteria,
the setting of the problem of determining an optimal production
plan, the setting of the model of multiple criteria programming in
finding a solution to a given problem, the revised surrogate trade-off
method, generalized multi-criteria model for solving production
planning problem and problem of choosing technological variants
in the specific manufacturing industry [4]. 

There are a lot of dynamic disturbances in manufacturing pro-
cesses. It is important to identify the discrepancy between planned
and actual activities in real-time and also to provide corrective
measures by studying the dynamic behavior of complex manufac-
turing systems. The system responses differently to arrival patterns
for customer orders and the existence of various types of real-time
events related to customer orders and machine failures. The near-
optimal values of control variables, which improve the manufactur-
ing process, should be verified in practice. The results of extensive
numerical investigation must be statistically examined by using
analysis of variance [5]. 

Most engineering optimization algorithms are based on numer-
ical linear and nonlinear programming methods that require sub-
stantial gradient information and usually seek to improve the solu-
tion in the neighborhood of a starting point. These algorithms,
however, reveal a limited approach to complicated real-world opti-
mization problems. If there is more than one local optimum in the
problem, the result may depend on the selection of an initial point,
and the obtained optimal solution may not necessarily be the global
optimum [6].

Knowledge reduction is one of the key issues in real formal
concept analysis. A proposed corresponding heuristic algorithm
requires numerical experiments to assess its efficiency [7].
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Mathematical modeling of highly complex manufacturing
systems imitating real production systems precedes building the
software which helps the operator of the system determine a product
to be realized. For simplicity needs modeling is carried out in the
proposed synthetic manufacturing environment. Introducing exten-
ded specification details leading to creating the proper functional
model of the potential manufacturing system allows us to adjust
the modeled system to the required configuration of production
stands resulting from customers’ demand e.g. the number of stands
in the manufacturing line, implemented tools in each production
stand and a sequence of passing ordered elements to be realized
in other available manufacturing plants of identical production
possibilities. Orders are accepted distinguishing customers and their
demands. Heuristic algorithms choose the production plant and,
subsequently, orders which are to be realized to meet the stated
criterion. The operating principle forms the basis for creating the
simulator of the modeled manufacturing system. However, there
are production strategies which decide about the moment of begin-
ning realization of the order [8]. 

The problem of mathematical modeling of the complex system
of identical parallel manufacturing plants requires determining the
sequence of order elements which are to be realized. The satisfac-
tory solution to this kind of problem must be sought for on con-
dition it meets the stated criteria of production maximization and
minimal tool replacement time associated by the necessary bounds.
The heuristic algorithms for choosing the order for realization as
well as algorithms for determining the most acceptable manufac-
turing plant are responsible for control of each specific information
system. Equations of state illustrate the flow of ordered elements
through workstations and buffer stores. Tools in each station of the
manufacturing system can be represented by e.g. a drill, a metal
cutting saw, a profile grinder, a cutter, a polisher, etc. Some of the
tools cannot be regenerated and have to be replaced with a new
tool of the same parameters while others are subject to the regener-
ation procedure. However, the regeneration process can be repeated
a limited number of times only. There are also buffer stores placed
between production stations in each manufacturing sub-subsystem
of a bigger system. An information approach to the problem of
modeling based on extensive specification details which form the
right basis for the subsequent model creation leads to the pro-
gramming stage during which the model will be shown in the form
of the simulator. This should be later verified by implementation
to analyze the more and more complex manufacturing tasks. The
simulator illustrating functioning of a real production system in
the synthetic environment is to be created. Then more practical
cases can be analyzed before the real production process is started
[9 and 10].

Manufacturing companies are experiencing unprecedented
technological change. Some of them remain effective and compet-
itive. Others cannot manage the risk associated with change and
the need for innovation and their activities are to be brought to
a standstill or even stopped. Business objectives consist in increas-
ing the production output at the lowest possible costs which can
be achieved by simulating a production process and all activities

within it. A flexible and adaptable approach to suit production
activities must be provided by harnessing all detectable limitations
in accordance with defined criteria. By defining a plan in terms of
the products to be delivered, the creation, quality and appropri-
ateness of those products can be managed and controlled more
easily. Once the decisions have been made by means of the simu-
lation process this process will be the normal starting point for
producing the plan. An order realizing process consists in identi-
fying the elements of the order, their quality and the way of man-
aging manufacturing. All procedures must be understood and the
logistics of creation secured. First of all, we ought to determine
the expected effects of the order realization activities. The produc-
tion system must contain a complete and correct specification of
both the final products and also the main intermediate ones. Plan-
ning a production process we need to ensure that all charge mate-
rial deliveries are made in time not to lead to risk situations. Quality
control is another issue important to manufacture products of the
required quality. All dependencies between the products and the
manufacturing system are to be identified long before the produc-
tion is started. As products are realized in stages, the exact terms
cannot be exceeded [11]. The method of multi-stage programming
of the production line is shown in detail in [12]. The optimization
approach emphasized in it takes into account heuristic algorithms
to control the manufacturing process as well as the manufacturing
criteria to be met.

2. Problem formulation

Production lines are used in many companies as the basic orga-
nizational structure of the production system. These lines consist
of sequential aggregates which perform operations on manufac-
tured objects. Each aggregate is equipped with a few types of tools
which are used during manufacturing objects of a certain type.
The sequence of tools in the subsequent aggregates of the pro-
duction line forms the route of the object. The production line
allows manufacturing various products with the use of different
technological routes.

Tools in aggregates get worn out throughout the course of
manufacturing and must be replaced with new ones (or regenerated
ones). If there are certain worn out tools in the aggregate, then this
aggregate can carry out operations only on an object for which its
tools are still active. This technological line can manufacture only
these objects for which there are routes whose capacity allows pro-
duction. Moreover, the number of certain type objects which can
be manufactured with the use of the determined route depends on
the maximal wear of the adequate tool in one of the aggregates.

The problem of multi-stage discrete programming of the pro-
duction line consists in determining a timescale of realization orders
of objects which are manufacturing plans in subsequent stages.
The number of objects of each type which are to be manufactured
is given (in the unknown number of stages). The state of the pro-
duction line determined by the wear of tools of each aggregate is
given as well before each subsequent stage.
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Each stage requires solving a multi-stage discrete programming
problem. The effect of such a solution delivers numbers of objects
of each type which are to be manufactured. After completing the
production stage the state shows no available routes in the pro-
duction line. This results in the need for replacing tools with new
ones (or regenerated ones).

The above analysis leads to the conclusion that worn out tools
are to be replaced with new ones (or regenerated ones) in a certain
aggregate (or aggregates). The production line is brought to a stand-
still during the tool replacement process in one aggregate. The
replacement times of tools in aggregates differ. Tool replacement is
a sequence process. The standstill time of the production line must
be minimized. The choice of the aggregate which is subject to a tool
replacement process is made by means of heuristic algorithms. For
example, tools in an aggregate can be replaced if they are the most
worn out (at least one tool is totally worn out). After replacing
a certain tool (or tools), some routes become active which results
in beginning the next stage of optimization. Sequential replacement
of tools in a lot of aggregates increases the flow capacity of the
production line; however it increases the standstill time of the line
and the total realization time of all orders.

Multi-stage discrete programming of the production line con-
sists in:
1) Production optimization – from the given initial state of the

line to the state in which the line capacity does not allow
further manufacturing.

2) Replacement of tools in aggregates – chosen by means of heuris-
tic algorithms.

The number of states is not known and should be minimized
in order to minimize the realization time of all orders. This number
depends on the order amount, the initial state of the line and heuris-
tic replacement rules of tools in aggregates. To determine the aggre-
gates in which tools are to be replaced heuristic algorithms are
implemented as the replacement result depends on the current
state of orders which are to be realized as well as the current load
of the regeneration station.

The formulated problem belongs to the class of non-linear
discrete programming. An optimal linear discrete programming
problem is solved in each stage; however, transition between sub-
sequent stages is non-linear. This transition consists in the heuris-
tic choice of aggregates in which tools are replaced. 

3. Mathematical model and algorithms

Optimization of the production line consists in elaborating
a mathematical model and dedicated algorithms. Models concern
production optimization and replacement of tools in aggregates.
Production optimization is brought to a linear programming prob-
lem. The aggregate which requires the change of tools after a pro-
duction stage is determined by means of heuristic algorithms.

3.1 Mathematical model of the production line

Let us assume that there is a production line consisting of M
aggregates. There are N types of products manufactured in this
line. The number Ln , n � 1, …, N of each product type to be man-
ufactured is given. Manufacturing of the nth product requires
installing the nth tool, n � 1, …, N in each aggregate. 

The discussed model assumes that some of the aggregates which
manufacture different types of products (e.g. the ith and nth ones)
can use the same tool (e.g. the nth one). As a result, it is assumed
that the tool allocation matrix A is given:

A � [am,n], m � 1, …, M, n � 1, …, N (1)

where: am,n if the nth tool is used to realize the nth product in the
mth aggregate, am,n � 0 otherwise.

Routes for each type objects can be determined on the basis
of the matrix A. So, the route dn for products of the nth type, n �
� 1, …, N is determined as follows:

dn � �a1,n, …, am,n, …, aM,n� (1a)

Manufacturing of one piece of the nth product in the mth
aggregate, m � 1, …, M leads to wearing out the nth tool which is
defined as zm,n (e.g. percents of a new tool).

The state S of the production line is given. It determines the
wear of each tool in each aggregate.

The state is defined in the matrix form:

S � [sm,n], m � 1, …, M, n � 1, …, N (2)

where: sm,n – the state of the nth tool in the mth aggregate.

Let Rn be the number of objects of the nth type which can be
made with the use of the nth route of the production line. This route
is determined by tools of the nth type in each mth aggregate, .

The value  is obtained from the formula:

Rn � min[(1 � sm,n)/zm,n], m � 1, …, M (3)

If Rn � 0, then the production line can manufacture objects
of the nth type. If for each type of the nth product, n � 1, …, N, the
condition Rn � 0 is met, then the production line cannot manu-
facture any object. It means that there exists at least one totally
worn out tool in each route dn , n � 1, …, N.

To resume the production process in the manufacturing line,
a certain aggregate (e.g. the jth one) requires replacing its tool.
Let us now assume that all tools in the jth aggregate are replaced
simultaneously although generally not all of them are totally worn
out. After replacing tools in the jth aggregate (e.g. with new ones)
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for new ones, the state of this aggregate takes the value sj,n � 1 for
every n, n � 1, …, N.

Let us consider the optimization problem of the production
line. Its initial state equals Sk�1 and the state Sk, k � 1, …, K is
calculated when the line is stopped. At the same time in the state
Sk, Rn � 0 for every n, n � 1, …, N. The optimization problem in
the kth stage consists in determining the maximal sum of manu-
factured objects (n � 1, …, N). 

Let xk
n , n � 1, …, N, k � 1, …, K be the number of objects of

the nth type which can be manufactured in the production line
before it is brought to a standstill.

Taking the above into account the optimization criterion  takes
the form of the sum:

(4)

Moreover, summing concerns only products which are manu-
factured. The number N k of products manufactured in subsequent
stages k � 1, …, K decreases because some orders were already
realized before the last stage. 

At the same time:

(4a)

The numbers of produced objects are limited by the amount
of orders Ln , so:

for  n � 1, …, N (4b)

Moreover, in the kth manufacturing stage the state sk�1
m,n  of the

nth tool, n � 1, …, N in the mth aggregate, m � 1, …, M limits the
sum of pieces of manufactured objects. So we can formulate the
limitations for each mth aggregate (m � 1, …, M)

for  m � 1, …, M (5)

3.2 Optimization algorithms of the manufacturing line 

The formulated discrete model of linear optimization allows us
to determine the numbers x1, …, xn , …, xN of products which can be
manufactured before the production line is stopped (Fig. 1). These
numbers are determined for each stage k, k � 1, …, K where K is
the stage by which all the orders have been realized. The Integer
Programming combinatorial algorithm can be implemented to solve
this problem. After stopping the production line, tools must be
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replaced in a chosen aggregate (e.g. in the jth one). The aggregate
is determined by means of the heuristic algorithm. As an example
the jth aggregate can be determined on condition its tools are the
most used which means the condition below is to be met: 

(6)

At the same time:

(6a)

In a general case an aggregate or aggregates whose tools are
to be replaced can be determined by means of another heuristic
algorithm.

After the kth stage, k � 1, …, K the state of the manufacturing
line changes from Sk�1 to Sk. If tools in the jth aggregate are
replaced, then coordinates of the state Sk are determined as follows:

for  m 	 j (7a)

and

Sk
j,n � 1  for  n � 1, …, N (7b)

Moreover, after the kth stage there is a need to correct the
bound for the number of manufactured products to the numbers
Lk�1

n     where

Lk�1
n     � Lk

n � xk
n (8)

In a general case, the multi-stage discrete programming model
lets us determine numbers in a sequential way:

xk
1, …, xk

n , …, xk
N (9)

of products manufactured in the kth stage, k � 1, …, K.

The following bound is met in the kth stage:

0 � xk
n � Lk

n (10)

Moreover, after all stages we receive

for  k � 1, …, K (11)

So, during each stage k, k � 1, …, K the sum of objects manu-
factured in each production line is maximized. In this way, the
number of stages K is minimized.
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4. Computer simulators of the production lines

As the problem of manufacturing line optimization is combi-
natorial computer simulators are implemented to solve it. Such sim-
ulators are based on heuristic algorithms which choose:
− the order to be realized,
− the aggregate whose tools are to replaced.

In some cases orders to be realized and aggregates with tools
to be replaced are determined at random. By means of the computer
simulator it is possible to generate a big number of allowable alter-
natives of manufacturing timescales. The currently best solution is
chosen from these alternative solutions which is the one realizing
all orders in the shortest possible time. Moreover, the histogram of
obtained solutions is created when the number of alternative solu-
tions is big (e.g. more than 1000). On the basis of such a histogram
it is possible to estimate the probability of determining a better
solution during further generating of alternative solutions. 

The illustration of production line optimization is described in
works [13 and 14] for the production lines of the continuous rolling
process. Assemblies of rolls are treated as aggregates. Products of
various types are rolled in different routes. Routes are determined
by passes of separate assemblies of rolls. Passes in the rolls are worn
out during the rolling process. If no more products can be rolled
in the rolling mill, the assemblies of rolls of a certain aggregate are
exchanged [15]. Generally, equations of state and control of the
assembly line are the basis for the process description in the form
of equations of state. The equations of state show the state trans-
formation in time under the influence of control [16]. 

5. Conclusions

The problem of production line optimization shown in the
article is of a practical value in many uses. The optimization model
is deterministic. The wear of tools is given on the basis of linear
static characteristics sm,n � f(x) where x is the number of pieces
of products. Also, the orders Ln , n � 1, …, N are given. So, it is
the problem of combinatorial optimization. The problem of com-
binatorial optimization formulated in the paper has been solved
with the use of multi-stage programming. The method of discrete
multi-stage programming is an original approach to the problem
of solving optimization tasks of manufacturing lines. Optimization
of the manufacturing line is brought to the discrete linear model
within each stage and heuristic replacement of tools after each stage.
However, the sum of optimal solutions within each stage does not
guarantee global optimization.

The solution to the problem depends on heuristic algorithms
of the aggregate choice if it is subject to replacement of tools.
Replacement of tools leads to the production line standstill which
must be minimized. In a global case, there is a need to minimize
the number of tool replacement procedures which in fact is associ-
ated with the stages K if tools are replaced sequentially. Moreover,
tools can be replaced in a few aggregates simultaneously which jus-
tifies the use of heuristic algorithms. The article highlights theFig. 1 Multi-stage optimization of the production line
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problem of continuous and discrete processes. State and control
equations of the process are introduced in order to define the
control in the matrix form.

In a general case, tools can be replaced simultaneously in a few
aggregates. The problem of time-scaling of tools replacement in M

aggregates by a smaller number of teams b where b � M is NP
complete in the sense of its calculation complexity. Additionally,
it justifies the use of heuristic algorithms to choose the aggregate
in which tools are replaced.
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