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1. Introduction

The three-layer structure with the thermal insulation coating of
low strength concrete can be ranked to the special reinforce con-
crete structure type. It keeps the intermediate place between the
standard reinforce concrete structures and composite cross section
structures with reinforce concrete external layers and the low
strength and high deformable thermal insulation one in the middle.
For the standard reinforce concrete structure computation, the
plane-sections hypothesis can be generally used. During the defor-
mation process according to this hypothesis, cross-sections are
supposed remaining plane and perpendicular to the element axis
i.e. it is supposed that the vertical shear is absent. The three-layer
structures with the inner layer of low shear modulus of elasticity
are calculated using the theory of composite struts. According to
this theory, the action of each separate bar incorporated in com-
posite entire strut is treated in accordance with the law of resistance
of materials, especially applying the plane-sections hypothesis. The
strut materials should follow the Hook’s law up to the specified
limit. Further than this maximum value, the plastic deformations
appear.

In the case of a rigid connection all over entire length of the
parts of the composite element, the final resulting structure can be
considered as single common monolith element despite the fact
that different parts of its cross section are produced from different
materials [1]. The successive casting of the layers in the general
technological cycle, producing three-layer external reinforce con-
crete structural part can provide monolithic nature of the section
thanks to reliable connection of the external and internal concrete
layers.

2. Calculation model development

During experimental testing of three-layer beam-type samples as
well as structural parts of different concrete classes, it was observed
that all three layers worked jointly up to failure. The possibility of
applying the plane-sections hypothesis in calculation has been evi-
dently proved [2]. Moreover it is supposed that no normal and
inclined cracks may appear under working loads. A choice of con-
crete quality as well as appropriate thickness of external layers is
given by this requirement. But in accordance with the presently
official standard procedures for reinforce concrete structure design,
values of obviously calculated deflections of the three-layered beam
elements are generally underestimated [4].

Even though design calculation of the standard reinforce con-
crete structures before cracking occurrence could be executed using
obvious structural mechanic laws commonly applied for elastic solid.
However, it is necessary to consider that cross section of reinforce
concrete element is not more homogeneous. In addition to con-
crete, the layer structure consists of steel reinforcement with elas-
ticity modulus several times higher than the concrete one. Due to
this particularity, the section should be transformed to a fictive
homogeneous concrete part. The reinforcement area in this trans-
formation is replaced by equivalent concrete area depending on the
ratio of reinforcement and concrete elasticity modulus. Similarly
to this practice, it would be possible to substitute the multi-layer
section consisting of different concrete strength by homogeneous
beam section of higher strength concrete. But the layers should be
rigidly connected together and act commonly like reinforcement
in normal concrete.
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For I-beam section, a calculated model analogous to three-layer
reinforced concrete structures could be also applied. The varia-
tions of time dependent ratio of elasticity modulus of external
concrete layer to internal one are taken into account by reinforce
concrete beam web thickness modification.

The particularity of I-beam calculation model of a three-layered
section is a slender web and wide flanges. Significant differences
of elasticity modulus of outside and inside layers can exist. Due
this fact corresponding design formulas as well as rules might differ
from usual reinforce concrete procedures.

3. Parametrical study based on the calculation model

The purpose of the following parametrical study was investi-
gation of impacts of the high deformable inner layer, cast of low
concrete strength on deflections of the overall three-layer struc-
tures. Three-layer beam specimens were 3000 mm long of rectan-
gular section 160 mm large and 250 mm high. Both outside layers
from structural concrete with modulus of elasticity of 15000 MPa
were 40 mm thick. The height of the interior layer from varying
modulus of lower concrete strength was 170 mm. Two reinforce-
ment bars 8 mm in diameter were placed in the bottom exterior
concrete layer. Reducing the initial value of inner layer, the con-
crete modular ratios under consideration in the study have varied
from 1 to 150. In the case of usual one-layer rectangular section
with span to height ratio l/h � 10, shear force effect on beam
deflection may be neglected, because its value is substantially infe-
rior to that produced by bending moment [4]. 

However, generally the total structure deflection ftot consists of
component fM produced by bending and additional part fV induced
by shear force. Each of them depends on the shape and cross
section proportions. The successive changes of the modular ratio of
outside and interior concrete layers during parametrical study dis-
covered that the rectangular form of the cross-section could be
modified into I-beam shape. Thus, it is more straightforward to
calculate three-layer structural part deformations using the I-beam
model. Influence of shear force impact on deflection may be more
appropriately investigated, because it would be possible to deal with
the thinner web of equivalent I-beams.

A part of deflection due to shear forces, transmitted mainly
by the I-beam web is given by the  the formula

, (1)

where:
CV is an integral constant, its value is zero in the case of simply 

supported beam;
G – shear modulus of interior concrete layer; 
k – correction factor depending on the shape and cross section 

dimensions, expressed by:

. (2)

A – cross-sectional area,
I – second moment of area of section, 
S(z) – first moment of the area above the examined level,
b(z) – width of section part at z level.

Section properties of actual three-layer reinforce concrete struc-
ture can be determined more easily for the ideal I-beam. In this case,
the reinforcing steel area as well as the inner layer area should be
transformed to the equivalent concrete area using modular ratio. 

The coefficient k consists of expression integrated trough 

the upper flange thickness, integrated trough the web height

and in the limits of the lower flange thickness:

S
(z) and S
(z) – the first moment of area of the cut section
part relating to the neutral axis within the limits of the I-beam flange;
α – the modular ratio of reinforcing steel Es to concrete Ec in the 

transformed section;
As – the reinforcing steel area in the lower flange;
b, bf – the width of the web/flange;
h, hf – the height of the web/flange.

The deflections produced by shear forces are varying with value
of correction factor k. They are increasing, when the transformed
I-beam web thickness is becoming smaller. According to our calcu-
lation model, it means that concrete modular rations are growing.
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While loading the single span beam by two identical concen-
trated forces, situated at the same distances from supports, the great-
est shear deflection would be under load position. Its magnitude
remains without changes in the region of pure bending. However,
the extreme shear deflection is in the beam mid-span. Its amount
can be calculated by usual structural mechanics procedures up to
crack occurrences.

With growing ratios of elasticity modulus of concrete layers,
the contribution of shear forces to deformations of resulting three-
layer deflections are increasing significantly. For the modular ratio
of outside and inner layers Еех /Еin � 100, the shear force deflec-
tion would approximately equals to the value of deflection produced
by bending. The common effect of shear forces is illustrated in
Fig. 1. As it can be clearly seen, there is a strong growing tendency
of shear forces to total deformations including bending moment
contribution 

In the case of normal only one-layer structure, a part of deflec-
tion due to shear forces may be negligible, because it amounts
only 1.5% of total deformation. However, this amount of deflections
produced by bending and shear forces might vary significantly.

In the case of modular ratio of exterior to inside layers 
Eex /Ein � 130, the shear deflection presents 56.4% and the bending
one only 43.6% (see Fig. 2). For the structures with tightly joined
layers, therefore the shear forces effect on deflections should be
taken into account, because from ratio Eex /Ein � 130 this contri-
bution starts to be not negligible and amounts more than 10% of
the total °deflection.

Design standard for concrete structures [4] expects to deter-
mine beam deflection before cracks initiation in the same way as
for the solid body. For the transformed I- beam section, the fol-
lowing formula can be applied:

(3)f
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where
M – bending moment in the exanimate section;
Еc – the initial elasticity module of external concrete layer;
Ired – second moment of area of transformed section;
ϕc1 – correction factor taking into account short time concrete 

shrinkage effect;
ρm – coefficient depending on the loading scheme (for simply 

supported beam loaded by two symmetrically concentrated 
forces applied at the distances a from supports for instance

).

l – span of the beam. 

The correction factors ϕc1 vary from 0.85 to 0.7 depending on
the concrete class and reinforce concrete structure type. Experi-
mental results confirm that for three-layer structural parts, the cal-
culated bending deflection should be increased by 15% due to
shrinkage rheological effects.

The stiffness of three-layer structural elements in comparison
with usual ones is reduced by shear deformation action. The addi-
tional deflection due this impact can be determined from the for-
mula

(4)

where

V�x – shear force in the exanimate point.

The factor γx of shearing deformation produced by a short
time variable loading is given by expression

(5)

The resulting deflection of a reinforced concrete beam struc-
ture due to a short time live load would be:

,

G b h

V1 5
x

x

0$ $

$
c =

f V dxV x x
0

1

$ c= #

l
a

8

1

6
m 2

2

t = -

Fig. 1Effect of external and internal concrete modular ratio on whole
and partial deflections

Fig. 2 Relationship between deformations produced by bending 
and shears effects for variable concrete modular ratio
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(6) 

Calculation procedures of beam deflection produced by shear
forces usually could ignore beam flanges contribution. In our nume-
rical model, the flange effect might be important and shear force
deflection value underestimated due to transformation of real three-
layer structure to an ideal I-beam. Thus, it was necessary to examine
these actions by special parametrical study of real structures.

Deformations of beams with uniformly distributed load 1 kN/m
were calculated alternatively by two procedures. The first method
was based on a transformed I-beam section as a calculation model
and the second one took into account actual three-layer design
concept of three-layer structure. The beam specimen’s size was the
same as in previous parametrical investigation. But outside layers
with the concrete modulus 12000, 24000 and 48000 MPa were
assumed. The interior concrete layer module varied from 600 MPa,
which corresponds to the low thermally conductive lightweight
concrete with unit mass 400 kg/m3 to 30 MPa, i. e. 20 time minor.

Detail analysis of three-layer composite deformation can be
found in [1]. Resulting bending deflection of three-layer reinforced
concrete elements can be given as the following sum of bending
deflection and shear force one:

(7)

where
q is beam uniformly distributed load;
l – beam span;

;

– bending stiffness of the outside layer;

– bending stiffness of 
three-layered section;

hex – width of outside layer;
hin –width of interior;

– multiplier depending on shear modulus of 
interior concrete layer Gin;
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Parametrical analysis results are illustrated in Fig. 3. For actu-
ally existing modulus values of inside concrete layer, which are
practically greater than 50 MPa, it can be concluded that deflec-
tions declared by calculation transforming real three-layer structure
on fictive I-beam are very close to magnitudes provided by more
complex procedure, considering real composition of the beam cross-
sections. The differences are less than 1%. In addition, deflections
only due to shear forces in the three layer model and I-beam model
are also nearly the same, because the gaps are minor than 2%.
Therefore, it is possible to use the I-beam design model for calculat-
ing the three-layer structures with modular ratios 50 	 Еех /Еin 	
	 600 with sufficient accuracy (see Fig. 3).

4. Conclusion

The executed numerical and experimental investigations have
demonstrated the possibility of application of the I-beam trans-
formed system for the calculations of three-layer composite rein-
force concrete elements. It should be taken into consideration that
in the case of relatively small modulus of the interior layer, the main
portion of the deflections is produced by the shearing action in
beam web. Therefore both shearing and bending effects should be
taken into account, while calculating three-layered reinforce com-
posite concrete structures. Resulting deflection even for layered
composite reinforce concrete elements before cracking develop-
ment could be determined in the same way as for the bended I-beam
section. The structural theory customary rules used in these calcu-
lations should be adjusted by means of correction multipliers iden-
tified experimentally and numerically in our investigation.

Fig. 3 Relationships between three-layer uniformly loaded
elements´deflections for different modulus of inner concrete layer
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