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1. Introduction

At continuous casting of steel the full ladle is put on a rotating
turret of the casting machine. The ladle shroud having been set
and ladle slide gate having been opened, the tundish starts being
filled until the required surface height is achieved [1]. Discharge
from the tundish to the mould is in the case of submerged casting
usually stopper controlled; in the case of open stream casting it is
given by the diameter of the nozzle and casting speed. The tundish
is one of the basic parts of the casting machine as it fulfils various
important functions. Its size is usually 8 – 10 % of the ladle. In the
case of CCM for billets steel from one tundish is distributed into
as many as six molds. When there are more strands, the casting
machine makes use of two tundishes [2, 3 and 4]. The requirements
put on the tundish result into different demands put on its shape,
arrangement as well as size due to the fact that some of the required
functions oppose each other. For example, more perfect homo-
genization of chemical composition and temperature of steel are
achieved at intensive mixing of the molten metal; on the other hand,
possibilities of inclusions washing-out and their subsequent trap-
ping in cover slag are getting worse. Although a larger volume of
the tundish contributes to a better separation of non-metallic inclu-
sions, it also prolongs non-stationary states at exchanges of a ladle
[5, 6, 7 and 8].

The authors are not aware of the fact that the complicated
phenomenon of steel flow modeling in the tundish in reduced phys-
ical models has been described on the basis of criterion equations
in such a way as it is presented in this paper. General information
on modeling can be found in some publications [9, 10 and 11].
This article presents the flow process in a tundish analyzed by
means of similarity criteria characterizing the most general fluid

motion. Consequently, the criteria that are irrelevant for steel flow
in the tundish were omitted [12]. All similarity criteria will be
derived by means of two methods – from differential equations and
on the basis of dimensional analysis [13, 14, 15 and 16].

2. Analytical method of determining similarity criteria
from Navier–Stokes equations

Navier-Stokes differential equations are the most general equa-
tions of unsteady spatial isothermal motion of real, i. e., viscous
fluid. They express the equilibrium of unit forces of mass (a), pres-
sure (�p/(ρ � �y)), friction (ν � �2υ) and inertia (Dυy/dτ). Making
use of so called complete (total, substitution) derivation of veloc-
ity components and referring forces to the unit of mass, we get the
below relation for the axis x

(m � s�2) (1)

Similar relations hold for two other coordinate axes. In the
vector record it is the relation in the form

(m � s�2) (2)

Considering the most common case of force field of the Earth’s
gravity, then acceleration a in equation (2) is replaced by gravita-
tional acceleration g, or by its components. Equation (2) has to
hold both for the model and for the real object. When equation (1)
is rewritten with appropriate similarity constants of quantities “c”
(quantity in the real object D to the magnitude in the model M)
we get the below relation for the axis x
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where cg – scale of change in gravitational acceleration, cp – scale of
change in pressure, cρ – scale of change in density, cl – scale of
change in length, cν – scale of change in kinematic viscosity, cυ –
scale of change in velocity. 

Similar equation can be written for two other axes. When equa-
tion (3) is divided by member c2

υ/cl , we get the relation
and similarly also for the axes x and z.

Equation (4) holds for all groups of mutually similar hydro-
dynamic phenomena. As long as equations (1) and (4) are to rep-
resent both the model and reality, they have to be identical [10].
For indicators of model and real object similarities the following
equation can be written

(5)

From the indicators four similarity criteria can be derived in
the form

(6)

Individual criteria have the following meaning

reciprocal of homochronism criterion (Strouhal’s number) (7)

reciprocal of the Froude criterion (8)

Euler’s criterion (9)

reciprocal of the Reynolds criterion (10)

The general criterion equation of spatial isothermal motion of
incompressible viscous fluid derived from Navier–Stokes differ-
ential equations has then the following form

f(Ho, Fr, Eu, Re) � 0 (11)

The system of differential Navier-Stokes equations expresses
a whole group of phenomena and that is why it has an indefinite
number of solutions. Equation (11) can express a mechanical sim-
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ilarity of the real object to its reduced model only when starting
equations will have an unambiguous solution. It can be achieved
only when we add to the system of differential equations such con-
ditions which will lead to an only solution expressly characterizing
the observed phenomenon, i. e. conditions of one single meaning.
The conditions have to contain geometry of space, physical prop-
erties of the ambient in which the observed phenomenon develops
as well as values of variable quantities on the boundary of the

system and in the initial moment of the observed phenomenon.
Boundary conditions have to guarantee constant values of simi-
larity constants for each of variable quantities occurring on the
boundary of the process. As for the initial conditions it is neces-
sary to keep constant values of constants of proportion in all relevant
quantities of the phenomenon. When comparing two phenomena
we find out that similarity indicators formed from similarity con-
stants are equal to one, such phenomena can be referred to as
similar.

3. Analytical method of deriving similarity criteria with
the help of dimension analysis

Physical quantities that influence isothermal motion of fluid are:
� kinematic viscosity ν (m2 � s�1),
� density ρ (kg � m�3),
� rate of flow υ (m � s�1),
� gravitational acceleration g (m � s�2),
� length l (m),
� pressure p (kg·m�1 � s�2),
� time τ (s).

The complete physical equation characterizing dependence of
mentioned physical quantities has the following form

ϕ(ν, ρ, υ, g, l, p, τ) � 0 (12)

Equation (12) is dimensionally homogeneous; therefore, indi-
vidual physical quantities cannot occur in it independently, only
in the form of products [15, 16]

πi � νx1 � ρx2 � υx3 � gx4 � l x5 � px6 � τx7 (13)

where exponents x1, x2, …, x7 are unknown and will have to be
determined later.

Dimensional matrix for the basic unit will consist of n � 7
columns and a total of m � 3 lines and has the form
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(14)

When the matrix rank h � 3 and number of relevant quantities
n � 7 it is possible to create the total of l � n � h, i. e. 4 dimen-
sionless arguments π. For calculation of unknown (xi � m) the
rectangular dimensional matrix A is divided into two parts; simi-
larly we proceed when dividing the vector of unknown quantities xi .
The first part of the matrix is square with a number of h columns
and h lines, while the matrix columns have to be chosen so that
its determinant will be nonzero (Δ 	 0). This also complies with
division of vectors xi .

The shape of square matrix A and vector of unknown quanti-
ties xi from equation (14) will be arranged and written in a sim-
plified form

A � B � (�1) � D � E (15)

Matrix (15) in an itemized form for individual dimensions is as
follows

(16)

Determinant of matrix A is determined, for example, on the
basis of Laplace development and has to be 	 0.

ΔA � Σ(�1)i�j � aij � Mij (17)

where
aij is the element in the ith line and jth column,
Mij – subdeterminant of the matrix in which the ith line and jth

column are omitted. The value of matrix determinant is 
ΔA � 1, by which the solvability condition has been fulfilled.

Choice of redundant unknowns x1, x4, x6, x7 is repeated four
times paying attention to the fact that the choices have to be lin-
early independent. The selection matrix has the following form

(18)

and its determinant has the value Δ � 1, by which the solv-
ability condition has been fulfilled.

Transformation of equation (16) to the system of linear equa-
tion is in the form
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x2 � �x6

�3�x2 � x3 � x5 � �2�x1 � x4 � x6 (19)

�x3 � x1 �2�x4 � 2�x6 � x7

Solving the system of linear equations (19) we get the fol-
lowing similarity criteria

x1 x2 x3 x4 x5 x6 x7

π1 1 0 �1 0 �1 0 0 
π2 0 0 �2 1 1 0 0 (20)
π3 0 �1 �2 0 0 1 0
π4 0 0 1 0 �1 0 1

Dimensionless arguments themselves have the form

. (21)

From the way in which the criteria are derived results that all
the expressions in (21) are dimensionless numbers, which can be
easily verified by substituting dimension of individual quantities.
Dimensionless form of the function describing steel flow can be
written in the form

ϕ(π1, π2, π3, π4) � 0 (22)

The acquired criteria in equation (22) one after the other are:
reciprocal of the Reynolds criterion Re�1, reciprocal of the Froude
criterion Fr�1, Euler’s criterion Eu and homochronism criterion
Ho, and expression (22) can also be written as

ϕ(Re, Fr, Eu, Ho) � 0 (23)

As can be seen from comparison of relations (23) a (11) when
looking for conditions of mechanical similarity of flow with the
help of dimension analysis, two identical similarity numbers were
achieved equally as when using the analysis method of Navier-
Stokes differential equations.

4. Similarity between the model and real object

Physical similarity between the model and real object should
be guaranteed by equal similarity criteria both in the real object
and model. In the case of a steel flow simulation in the tundish four
similarity criteria were derived – equations (21) or (23).

Homochronism criterion 
also known as Strouhal’s criterion (Sh), which apart from inertia
force contains also impulse force, i. e. force related to the change
of motion, is used for expression of dimensionless time. It can also
be understood in such a way that the relative unit of measurement
is time which fluid particles moving at the speed υ need to cover
the path l. If it refers to the process which is stationary, i. e. the
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process at the constant speed, the criterion Ho becomes irrelevant
and equation (23) will be simplified and will have the form

ϕ(Re, Fr, Eu) � 0 (24)

Euler’s criterion 
that includes forces of pressure and inertia serves for determina-
tion of pressure losses in the forced flow. This similarity number
is significant especially when solving flow in pipes. For the flow in
open channels, which is the case of motion of molten steel in the
tundish, pressure losses are negligible. The Euler’s number can
therefore be omitted from relation (23) and the criterion equation
gets the form

ϕ(Re, Fr) � 0 (25)

Reynolds criterion 
expressing the ratio of inertia to friction forces characterizes the
flow of real liquid which is either laminar or turbulent. Transition
from laminar to turbulent flow occurs at the critical value of the
Reynolds criterion denoted Rekr . If for a particular case Re � Rekr ,
the flow is turbulent; if Re 
 Rekr the flow is laminar.

The similarity condition between the model (M) and real object
(D) is by means of this criterion expressed as follows

ReM � ReD, or Re � Re� (26)

The similarity condition for the real object (tundish) and model
(reduced tundish) – relation (26) – can be written as follows

The below mentioned expression must hold for the similarity
constants

(27)

If the kinematical viscosity of liquids both in the real object
and in the model is identical, i. e., if cν � 1, then equation (27) is
simplified to the form

cυ � cl
�1 (28)

For the model of the tundish ten times smaller than the real
object holds that the scale of change in length is cl � 10. To satisfy
equation (28) it has to be cυ � 0.1, which means that velocity in
the model diminished in this way would be ten times greater than
the one in the real object. If the model fluid had ten times smaller
kinematical viscosity than the real object liquid, the following would
hold cυ � 1, i. e., velocity in the model would be equal to the real
object velocity.

Froude criterion
represents the ratio of inertia to mass forces. If the equality of
number Fr is kept at modeling, then the following holds
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FrD � FrM resp.  (29)

For particular similarity constants we then get

c2
υ � cg � cl (30)

The processes in the model as well as those in the real object
will take place under earth gravitation, i. e.

g � g  & cg � 1 

so equation (30) then has, at the similarity constant of gravitation
acceleration cg � 1, the form

c2
υ � cl resp.   cυ � ��cl � cl

1/2 (31)

If the Froude criterion is applied to the model in the same
diminishment as the Reynolds criterion, i. e. in the scale 10:1, the
rates in the model are 3.16 times smaller than those in the real
object. Comparing the conditions of Froude and Reynolds similar-
ities we can see that the modeling of motion phenomena at keeping
number Fr is substantially simpler because the required rates of
flow in the model are lower than those in the real object. When
modeling according to Re the situation is opposite. Similar unfa-
vorable ratio is also in volume flows, which often leads to serious
technical problems. Comparing relations (28) and (31) we can
see that both of them can simultaneously hold only at the length
scale cl � 1, i. e. in the case when both the model and real object
have the same dimensions.

When using in the reduced model of the tundish the fluid with
the same kinematical viscosity as the one used in the real object,
the below condition cannot be satisfied

Re� � Re � Fr� � Fr (32)

Theoretically, the current equality of both criteria in the model
and in real object can be ensured with the choice of such model
liquid for which equation (33) will hold for kinematical viscosity

cν � cl � ��cl � cl
3/2 (33)

To achieve the total mechanical similarity between two hydro-
dynamic phenomena in the modeling research requires the use of
such liquid which will guarantee simultaneous satisfaction of equal-
ity of all necessary similarity criteria both in the model and in the
real object [17]. However, it is impossible to find two liquids that
feature such physical characteristics to satisfy the mentioned con-
ditions. That is why the approximate mechanical similarity has to
be used when some criteria are considered irrelevant.

As we have already mentioned, when modeling the flow of
liquid steel in the tundish it is possible to omit the criteria Ho and
Eu. It has also been mentioned that in practice the condition (32),
which is simultaneous equality of numbers Re and Fr, can hardly
be satisfied. Concretely, in a ten times smaller model it would be

l g lg

2 2

$ $

y y
=

l l

l



21C O M M U N I C A T I O N S    3 / 2 0 1 2   �

necessary to work with modeling fluid which would, in comparison
with fluid in the real object, feature 31.6 times smaller kinematical
viscosity. For modeling the fluid steel flow it would be required to
use fluid featuring kinematical viscosity of order 10�8 m2�s�1. At
the same time it has to be said that fluid featuring such kinematical
viscosity at usual ambient temperatures practically does not exist. 

If considering realistic possibilities of choice of model liquid
which would, apart from certain physical characteristics, feature an
easily accessible price, satisfy hygienic standards, and be easily
stored then, it is water that can be used for flow modeling. Another
advantage of water also is that its kinematical viscosity at the usual
ambient temperature does not differ from kinematical viscosity of
molten steel; they both are about the value of 1�10�6 m2�s�1.

Referring to the above mentioned facts it is obvious that at
modeling the molten steel flow in the tundish for continuous steel
pouring machine it is desired to decide which criterion will be
chosen as determining – the Froude or Reynolds criterion.

When comparing both similarity criteria we can see that for the
physical model of steel flow in tundish for continuous steel pouring
machine it is more convenient to prioritize the Froude criterion.
Kinematically similar motion phenomena which are exclusively or
predominantly influenced by the gravitation force are also dynam-
ically similar when they have the same values Fr in mutually cor-
responding cross sections of both real object and model.

5. Results and discussion

Research into flow similarities in a diminished model of the
tundish comes out from geometrical similarity as the basis for
mechanical similarity. Apart from the similarity constant of velocity
expressed by relation (31), which is written in the following way

(34)

it is possible to define other similarity constants for the model and
the real object, which is the similarity constant of volume flow 

(35)

and similarity constant of time intervals

(36)

Applying the derived similarity constants of individual quan-
tities to the tundish for a six-strand continuous casting machine
(Fig. 1) casting billets having a cross section of 180 � 180 mm at
the rate of 2.1 m�min�1 we can obtain the following information.

Mass flow of steel (oc) from the ladle to the tundish is

Qm,oc � 6 � S � υ � ρ � 6 � 0.18 � 0.18 � 2.1 � 7800 �

� 3184 kg�min�1
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where
υ – pouring rate (m�min�1),
ρ – density of steel at normal temperature (kg�m�3), 
S – cross section of raw casting (m).

Volume flow of steel from the ladle to the tundish

m3�min�1 �

� 461.5 l�min�1

where
ρt – density of molten steel (kg�m�3).

When a reduced model of a tundish is in the scale 10:1, it will
hold that cl � 10; then, in compliance with equation (35) the
volume flow of water (in) into the model is equal to

l�min�1

and, therefore, it will be 316-times smaller than the volume flow
of molten steel in the real tundish (Fig. 2). The place in the figure
is marked with a circle on the axis y. The figure presents the
dependence of the ratios of volume flows on the reduction scale
within the scales 10:1 to 1:1, which represents the congruence of
the model and real object. Water flow rate in the ten times smaller
model will be 3.16 times smaller than steel flow rate in the tundish,
i. e. its value is 0.66 m�s�1 and time intervals in the model will be
3.16-times smaller than those in the real tundish. At the same time
the figure presents the dependence of the ratios of flow rate and
time intervals to the scale of the model reduction within the same
boundaries as in volume flows.
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Fig. 1 Schematic diagram of a CCM [18]
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If the model of the tundish is in the scale, e. g. 8:1, the volume
water flow will be 2.55 l�min�1 (181–times smaller than molten
steel flow in the tundish), flow rates will be 2.83–times smaller
than the rates of molten steel in the real object and time intervals
in the model will be 2.83–times shorter. For the model of the
tundish in the scale 5:1 similar values for volume flow will be
equal to 8.26 l�min�1 (55.9-times shorter than the volume flow of
molten steel in the tundish), flow rates will be 2.24–times smaller

and times will be 2.24–times shorter. If the model is designed in
other scale of lengths, the scale for other quantities will be deter-
mined from Fig. 2.

6. Conclusions

There is no doubt about advantages of modeling of continuous
steel casting in laboratory conditions. Approximate mechanical sim-
ilarity is applied in the presented procedure of isothermal modeling
of molten steel flow in the tundish. Water was chosen as the model
fluid due to its physical characteristics.

In the paper we present the process of determining volume
flow of water in the reduced laboratory model of the tundish for
a six-strand continuous machine whose geometrical similarity to
the real object was given in the scales from 10:1 to 1:1. Respect-
ing derived similarity constants of individual physical quantities,
results of this analysis can be applied also for an arbitrary number
of strands in a pouring machine or for two tundishes.
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