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MESHLESS MODELLING OF LAMINATE MINDLIN
PLATES UNDER DYNAMIC LOADS

Collocation method and Galerkin method have been dominant in the existing meshless methods. A meshless local Petrov-Galerkin
(MLPG) method is applied to solve laminate plate problems described by the Reissner-Mindlin theory for transient dynamic loads. The Reiss-
ner-Mindlin theory reduces the original three-dimensional (3-D) thick plate problem to a two-dimensional (2-D) problem. The bending moment
and the shear force expressions are obtained by integration through the laminated plate for the considered constitutive equations in each
lamina. The weak-form on small subdomains with a Heaviside step function as the test functions is applied to derive local integral equations.
After performing the spatial MLS approximation, a system of ordinary differential equations of the second order for certain nodal unknowns
is obtained. The derived ordinary differential equations are solved by the Houbolt finite-difference scheme as a time-stepping method.
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1. Introduction

Composite materials are now common engineering materials
used in a wide range of applications. They play an important role
in the aviation, aerospace and automotive industry, are also used in
the construction of ships, submarines, nuclear and chemical facili-
ties, etc. During the last several decades, laminated composite plates
have been widely used in engineering structures. The optimization
of the topology of structural lay out and composite plates and
shells has great impact on the performance of structures [1-3].

Previous research results show that the transverse shear effects
are more significant for orthotropic plates than for isotropic ones
[4, 5]. It is well known that the classical thin plate theory of Kirch-
hoff gives rise to certain non-physical simplifications mainly related
to the omission of the shear deformation and the rotary inertia,
which become more significant for increasing thickness of the plate.
The effects of shear deformation and rotary inertia are taken into
account in the Reissner-Mindlin plate bending theory [6]. A higher-
order theory for plates deformed in shear and normal mode was
used by Qian et al. [7]. There, the plate material is made of two
isotropic constituents and exhibits macroscopically isotropic mate-
rial properties which vary in the thickness direction only. Results of
the static analysis and computed natural frequencies of a simply
supported square plate match well with corresponding analytical
values.

In addition, the governing equations for thick orthotropic shells
are also quite complicated. A review on early applications of BEM
to shells is given by Beskos [8]. The analysis of thin elastic plates by
the boundary element method (BEM) is a research subject since
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many years. Much previous research works have been done for
static and dynamic analysis of isotropic thin plates by the BEM
[9]. The first application of the boundary integral equation method
to Reissner’s plate model was given by Van der Ween [10]. Dynamic
analysis of elastic Reissner-Mindlin plates was performed by the
direct BEM in the frequency domain [11, 12]. All previous BEM
applications deal with isotropic Reissner-Mindlin plates. Wang and
Huang [13] were the first who applied BEM to orthotropic thick
plates.

In spite of the great success of the FEM and the BEM as accu-
rate and effective numerical tools for the solution of boundary or
initial-boundary value problems in domains with complex shapes,
there is still a growing interest in developing new advanced numer-
ical methods [ 14, 15]. Meshless approaches for problems of con-
tinuum mechanics have attracted much attention during the past
decade especially owing to their high adaptivity and low costs to
prepare input data for numerical analyses. Many meshless methods
are derived from a weak-form formulation on global domain or a set
of local subdomains [ 16, 17]. In the global formulation background
cells are required for the integration of the weak-form. In methods
based on local weak-form formulation no cells are required and
therefore they are often referred to as truly meshless methods. If
a simple form is chosen for the geometry of the subdomains, nume-
rical integrations over them can be easily carried out. The first
application of a meshless method to plate/shell problems was given
by Krysl and Belytschko [18, 19], where they applied the element-
free Galerkin method. The Moving Least-Square (MLS) approxima-
tion yields a C'-continuity which satisfies the Kirchhoff hypotheses.
The continuity of the MLS approximation is given by the minimum
between the continuity of the basis functions and that of the weight
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function. So continuity can be tuned to a desired value. Their results
showed an excellent convergence, however, their formulation is not
applicable to shear deformable plate/shell problems. Recently,
Noguchi et al. [20] used a mapping technique to transform a curved
surface into a flat two-dimensional space. Then, the element-free
Galerkin method can be applied also to thick plates or shells includ-
ing the shear deformation effects. The meshless local Petrov-
Galerkin (MLPG) method is a fundamental base for the derivation
of many meshless formulations, since the trial and the test func-
tions can be chosen from different functional spaces. The method
has been successfully applied also to plate and shell problems
with homogeneous material properties [21-24].

2. Theory Backround of Governing Equations

The classical laminate plate theory is an extension of the clas-
sical plate theory to composite laminates. Consider a plate of total
thickness # composed of N orthotropic layers with the mean surface
occupying the domain Q in the plane (x,, x,). The x; = z axis is
perpendicular to the mid-plane (Fig.1). The A-th layer is located
between the points z = z, and z = z,, in the thickness direction.

The Reissner-Mindlin plate bending theory is used to describe
the plate deformation. The transverse shear strains are represented
as constant throughout the plate thickness and some correction
coefficients are required for the computation of transverse shear
forces in that theory. Then, the spatial displacement field in time
T, due to transverse loading and expressed in terms of displace-
ment components u,, t, and u3, has the following form [25]

u (X, X3, 1) = x3w,(X, 7),
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€11(X X3, 7) = x3wy (X, 7)
En(X, X3, T) = X3Wy5(X, T)

€1n(X, X3, ) = x50 5(X, 7) + Wy (X, 7)]/2 ()
€13, 1) = [wi(x, 7) + w3 ,(x, 1)]/2

Ex3(X, 7) = [wy(x, 7) + w35(x, 7)]/2

In the case of orthotropic materials for the k-th lamina, the
relation between the stresses o; and the strains ¢ is described by
the constitutive equations for the stress tensor

i _
JJ)(X, X3 T) = C(j,%lgm/(xy X3, T) 3)

(k)

where the material stiffness coefficients ¢, are assumed to be

homogeneous for the k-th lamina.

It can be seen from equation (2) that the strains are continu-
ous throughout the plate thickness. Hence, discontinuous material
coefficients yield discontinuities in stresses on the lamina surfaces.

For plane problems the constitutive equation (3) is frequently
written in terms of the second-order tensor of elastic constants.
The constitutive equation for orthotropic materials and plane stress
problem are given for example in [23, 26].

Despite the stress discontinuities, one can define the integral
quantities such as the bending moments M,; and the shear forces
0,588
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Fig. 1. Definition of bending moments, forces

and layer numbering for a laminate plate
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where ¥ = 5/6 in the Reissner plate theory.

Substituting constitutive equations and (2) into moment and
force resultants (5) allows the expression of the bending moments
M,z and shear forces Q, for a, f = 1, 2, in terms of rotations and
lateral displacements of the orthotropic plate. In the case of the
considered layer-wise continuous material properties through the
plate thickness, one obtains

M,z =

a

Daﬁ’(wa,/f + Wﬁ.a) + Caﬁw%y (6)
Qa = Ca(wa + W3,a) (7)

In eq. (6), repeated indices ¢ and # do not imply summation,
and the material parameters D,; and C,,; are given as
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2 y il . V(k) 1
Co= [ () de = LEV-05(el <)
Clz = Cz] =0
N
C,= I{[;;;ZZZGM(Z)CZZ = K];G%(Zwrl Zk)e“') - (8)

= 1 — VDAY,

For a homogeneous plate equations (8) are reduced into simple
forms

D, = Vz|>, D,, =

D, D,
(1 — (=),

G,h’
D, = D, 12

Cii =Dy, Gy = Dyvyy, €, = Gy =0,

The plate is subjected to a transverse dynamic load ¢(x, ?).
Assuming the mass density to be homogeneous within each lamina
and using the Reissner’s linear theory of thick plates [25], the equa-
tions of motion may be written as

M 5%, 7) = Q,(x, 7) = L,,i0,(X, 7) (10)
0,(X, 1) — q(x, 1) = [Hi3(x, 1), X € Q (11)
where
I, = '[h}:/jzz‘o(z)dz — Z[ kflp(k)ZZdZ —
. X k=1
= Zp(k)g(ziﬂ - Z2>’
k=1
Ig_fm dz_z‘/’%lpdz_zp (Zk+1_ k)

k=17

are global inertial characteristics of the laminate plate. If the mass
density is constant throughout the plate thickness, we obtain
oh’
I, = W, IQ = oh.
Throughout the analysis, Greek indices vary from 1 to 2, and
the dots over a quantity indicate differentiations with respect to
time T.

3. Local Petrov-Galerkin Weak-Form

Instead of writing the global weak-form for the above govern-
ing equations, the MLPG methods construct the weak-form over
local subdomains such as Q,, which is a small region taken for
each node inside the global domain [17]. The local subdomains
overlap each other and cover the whole global domain Q (Fig. 2).
The local subdomains could be of any geometrical shape and size.
In the current paper, the local subdomains are taken to be of cir-
cular shape.

local boundary 0Q=00=L',
subdomain Q =Q

ER support of node x' - o 00,
D,= 12¢° Dy = Dyvyy, Gy = khGyy
Fig. 2. Local boundaries for weak formulation, the domain £,
Sfor MLS approximation of the trial function, and support area
e=1—v,7, 9 of weight function around node x'
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The local weak-form of the governing equations (9) and (10)
for X' € Q' can be written as

L[M‘M’ﬁ (x,7) — Q.(x,7) — L, (x, T)]wz,(x)dQ =0
) (12)
A[QM (x,7) — q(x,7) — I, (x, T)]w*(x)dQ =0
here wflﬂ(x) and w'(x) are weight or test functions.

Applying the Gauss divergence theorem to Egs. (11) and (12)
one obtains

LM (x ), ()T = [ Moy (%2 (x)d2 — .

— [ Q% (x)dQ — [ Iy, (x. 7w, (x)d2 = 0,

L, Q(x0)n (0w’ (x)al = [ Q. (x.0)w,(x)aQ — )
= [ (x)w (x)aQ + [ g(x. 7w’ (x)dQ = 0, ()

where 9€). is the boundary of the local subdomain and M,(x, 7) =

= M,4(X, T)ng(x) is the normal bending moment and n,, is the unit
outward normal vector to the boundary dQ);. The local weak-forms
(13) and (14) are the starting point for deriving local boundary
integral equations on the basis of appropriate test functions. Unit
step functions are chosen for the test functions w;ﬁ(x) and w'(x)
in each subdomain

. _ 0., at x € (Q,U09Q,)
(%) = 0 ar x¢(Q,U0Q,)°

w

1 at x € (Q,U09Q,) (15)

YO e en)

Then, the local weak-forms (13) and (14) are transformed
into the following local integral equations (LIEs)

A,‘M,,(x, 7)dl" — l;Q (x,7)dQ —

(16)
— [ (x,7)dQ = 0,

[ 0.(x ), (x)dl = [ Lo, (x,7)dQ +

(17
+.£(q(x,r)d£2 =0.

In the above local integral equations, the trial functions w,(x, 7)
related to rotations, and ws(X, 7) related to transversal displace-
ments, are chosen as the moving least-squares (MLS) approxima-
tions over a number of nodes randomly spread within the domain
of influence.

4. Numerical Implementation
In general, a meshless method uses a local interpolation to

represent the trial function with the values (or the fictitious values)
of the unknown variable at some randomly located nodes. The
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moving least-squares (MLS) approximation [27] used in the present
analysis may be considered as one of such schemes. Let us con-
sider a sub-domain Q, of the problem domain Q in the neighbour-
hood of a point x for the definition of the MLS approximation of
the trial function around x (Fig. 3). To approximate the distribu-
tion of the generalized displacements (rotations and deflection) in
Q, over a number of randomly located nodes {x“},a = 1, 2, ... n,
the MLS approximant wf(x, 7) of w;(x, 7) is defined by

w'(x,5) = p’(x)a(x, 5), Vx E Q, (18)
where w" = [w{, w), wi1”, p’(x) = [p'(x), p’(X), .... p"(X)] i
a complete monomial basis of order m, and a(x, 7) = [a'(x, 7),
az(x, 7), .., a"(X, r)]Tis composed of vectors a’(x, 7) = [a-{(x, 7),
aj(x, 1), ak(x, 7)]7 which are functions of the spatial co-ordinates
and the time x = [x,, x,]".

The coefficient vector a(x, 7) is determined by minimizing
a weighted discrete L,-norm defined as

J(x) = gu“(x)[pr(x“)é(x, ) — vif“(r)]z,

where v¥(x) > 0 is the weight function associated with the node
a and the square power is considered in the sense of scalar product.
Recall that 7 is the number of nodes in Q. for which the weight
function v¥(x) > 0 and w%(r) are the fictitious nodal values, but
not the nodal values of the unknown trial function w”(x, 7), in
general. The stationarity of J in eq. (19) with respect to a(x, 7)
leads to

(19)

AX)A(x, 7) — BX)W() = 0 (20)
where

Ww(r) = 0[W'(0), W’(@), . WD),

A(R) = v (p()p’(x).

B(x) = [v'(x)p(x"), ¥(X)p(x*), ..., " (X)p(x")]. @1

The solution of eq. (20) for and the subsequent substitution
into eq. (18) lead to the following expression

w'(x,7) = ®'(x)- w(r) = i(ﬁ“(x)ﬁv“(r) (22)
where
@'(x) = p’ (VA" (0B(xX). (23)

Ineq. (22), ¢“(x) is usually referred to as the shape function of
the MLS approximation corresponding to the nodal point x“. From
egs. (21) and (23), it can be seen that ¢“(x) = 0 when »*(x) = 0.
In practical applications, v“(x) is often chosen in such a way that
it is non-zero over the support of the nodal point x“. The support
of the nodal point x“ is usually taken to be a circle of the radius r¢
centred at x? (see Fig. 3). The radius r“ is an important parameter
of the MLS approximation because it determines the range of the

COMMUNICATIONS 3/2012 o 27



COMMVINICTIONS

interaction (coupling) between the degrees of freedom defined at
considered nodes.

Usually a 4M-order spline-type weight function is applied [17]

a\3 a\4
) +8(d ) —3<du) 0<d'=r*
r

dzr

(24)

V“(x) == 6(
0

where d* = ||x — x| and r“ is the radius of the circular support
domain. With eq. (24), the C'-continuity of the weight function is
ensured over the entire domain, therefore the continuity condi-
tion of the bending moments and the shear forces is satisfied. The
size of the support * should be large enough to cover a sufficient
number of nodes in the domain of definition to ensure the regu-
larity of the matrix A. The value of  is determined by the number
of nodes lying in the support domain with radius .

The partial derivatives of the MLS shape functions are obtained
as [28]

2= Xlpi(a BY +p(a B+ 4B

ji=1

(25)

wherein A;(' = (A_l),k represents the derivative of the inverse of
A with respect to x,, which is given by

A =—-AA AL

The directional derivatives of w(x, 7) are approximated in
terms of the same nodal values as

wi(x,7) = 2w (7)ds(x)
a=1
Substituting the approximation (26) into the definition of the
bending moments (6) and then using My (x, 1) = M, 4(X, )ny(x),
one obtains for M(x, 7) = [M,(x, ), M,(X, 01’
M(x,7) = N, 2. Bi(x)w"(r) + N, Y. Bs(x)w“(r) =
a=1

" ! (27
=N, (x) 2Bl (x)w™(q)

a=1

(26)

where the vector w %(t) is defined as a column vector w “(z) =
= [vAv”l’(r), (r)] the matrices N (x) are related to the normal
vector n(x) on 9}, by

c, O
and N,(x) = [0 c,

and the matrices B, are represented by the gradients of the shape
functions as

n, 0 n,
0 n, n

n, n

Nl(x> =

n, n,

2D ¢ 0 0
Bi(x)=| 0 2D,¢4. Bi(x) = 0" o
D¢ D ?

The influence of the material properties for composite lami-
nates is incorporated into C,4; and D, defined in equations (7).
Similarly one can obtain the approximation for the shear forces

(28)

Cx)Z[b*(w ™ (2) + F*(x)ivs (<)

Q(x,7) =
where Q(x, 7) = [0,(x, 7), 0,(x, 7)]7 and

C) = Cl(gx) cw = [ﬁ]

Then, insertion of the MLS-discretized moment and force
fields (27) and (28) into the local integral equations (16) and (17)
yields the discretized local integral equations

S[f .

X)B: (x)dl — [ C(x)6 )dQ]w (c)—

— aglw“(r)( / ng“(x)dQ) —~ (29)
—éwz(r)( [COF*(x)a0) =~ [ N(x.o)r
([0 dr)w*«r) g

+ iw; <[ C dF) (30)

=1, ng <£¢ dQ) J&q(x,f)dQ,

in which M(x, 7) represent the prescribed bending moments on
I’,,and

C,(x) = (nl,nz)(f)l g) — (Cumy. Cum).

Equations (29) and (30) are considered on the subdomains
adjacent to the interior nodes x’ as well as to the boundary nodes
on I',,. For the source point x’ located on the global boundary I
the boundary of the subdomain Q' is decomposed into L’ and
L',, (part of the global boundary with prescribed bending moment)
according to Fig. 2.

It should be noted here that there are neither Lagrange mul-
tipliers nor penalty parameters introduced into the local weak-
forms (12) because the essential boundary conditions on I' (part
of the global boundary with prescribed rotations or displacements)
can be imposed directly, using the interpolation approximation
(22)

> (x)w(r) = w(x',7) for x' €I,, (31)

a=1
where w(x', 7) is the generalized displacement vector prescribed
on the boundary I' . For a clamped plate all three vector compo-
nents (rotations and deflection) are vanishing on the fixed edge,
and eq. (31) is used at all the boundary nodes in such a case.
However, for a simply supported plate only the third component of
the displacement vector (deflection) is prescribed, while the rota-
tions are unknown. Then, the entire equation (29) and the third
component of eq. (31) are applied to the nodes lying on the global
boundary. On those parts of the global boundary where no dis-
placement boundary conditions are prescribed both local integral
equations (29) and (30) are applied.
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Collecting the discretized local boundary-domain integral equa-
tions together with the discretized boundary conditions for the
generalized displacements, one obtains a complete system of ordi-
nary differential equations and it can be rearranged in such a way
that all known quantities are on the r.h.s. Thus, in matrix form the
system becomes

MU+KU=F (32)
where M is the mass matrix, K is the stiffness matrix and F is the
external load vector. Recall that the system matrix has a block
structure. There are many time integration procedures for the solu-
tion of this system of ordinary differential equations. In the present
work, the Houbolt method is applied [29]. In the Houbolt finite-
difference scheme the value of the time-step has to be appropriately
selected with respect to material parameters (elastic wave veloci-
ties) and time dependence of the boundary conditions.

5. Numerical Examples

In this section, numerical results are presented for two laminate
plates under an impact load with Heaviside time variation. Clamped
and simply supported square plates are analysed. In order to test
the accuracy, the numerical results obtained by the present method
are compared with the results provided by the FEM-ANSYS code
using a very fine mesh. In numerical calculations, deviations of
the results for plates with a laminate structure from those corre-
sponding to a homogeneous plate are investigated. The mass density
is assumed to be uniform m within the whole bulk of the plate.

Example 1: Clamped square plate

In this example the clamped orthotropic thick square plate
under an impact load with Heaviside time variation is analyzed.
The clamped square plate has side-length ¢ = 0.254m and the
plate thicknesses is #/a = 0.05. Homogeneous material proper-
ties are considered firstly to test the accuracy of the present com-
putational method. The following material parameters are used in
our numerical analysis: Young’s moduli £, = 0.6895 - 1010 N/m2
and E, = 2E,, Poisson’s ratios v,; = 0.15 and v, = 0.3 and mass
density p = 5.0 X 10° kgm 3. The used shear moduli correspond
to Young’s modulus E,, namely, G, = G5 = G,; = E,/[2(1 +
+ )l

For the numerical modelling we used again 441 nodes with
a regular distribution (Fig. 3). Numerical calculations are carried
out for a time-step Az = 0.357 - 10~ * 5. The MLPG results are
compared with those obtained by FEM-ANSYS computer code,
where 900 quadrilateral eight-node shell elements with 1000 time
increments were used. The static central deflection is w;"“(0) =
= 8.842 - 10~ m for the considered load ¢, = 2.07 X 10° Nm 2.
The static bending moment is M71(0) = 3064 Nm. The time is
normalized by 7, = a*/4{ph/D = 0.3574 - 1072 5, where D =
= Eh3/[ 12(1 — v2)] is bending rigidity of plate. A good agreement
of the present results for the deflection and the bending moment
at the plate center and the FEM results is observed.
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Fig. 3. Node distribution for numerical analyses of
a clamped square plate.

The peaks of the moment amplitudes are shifted to shorter
time instants for the orthotropic plate with a larger flexural rigid-
ity. Since the mass density is the same for both isotropic and
orthotropic plates, the wave velocity is higher for the orthotropic
plate with higher Young’s modulus. The amplification of the bending
moments due to the dynamic impact load for both isotropic and
orthotropic plates are almost the same if they are normalized with
respect to the corresponding static values. The static bending
moment for the orthotropic plate is slightly higher at the center of
the plate [30]. Time variation of the deflection at the center of
a clamped square plate subjected to a suddenly applied load Fig.
4. Then, the peak value for the orthotropic plate under an impact
load has to be higher since that value is normalized by corre-
sponding static value at the center of the isotropic plate.

2.5

= == = isotropic

2 —¥— orthotropic-FEM
000000%0
<

MLPG

—_
(%]
I

e
(%]
I

w3(0)/w3™(0)

‘0.5 T T T T
0 0.2 0.4 0.6 0.8 1

Fig. 4 Time variation of the deflection at the center
a clamped square plate
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Example 2: Simply supported three-ply orthotropic square plate

A simply supported three-ply orthotropic square plate under
an impact load with Heaviside time variation is analyzed. The
used geometrical and material parameters are the same as for the
previous clamped plate. The total plate thickness is # = 0.0127m,
which is equal to the thickness of the homogeneous plate in pre-
vious examples. The bottom and top layers have the same thick-
ness i, = h; = h/4. Young’s moduli for both bottom and top
layers are the same and they are 5 times larger than the ones cor-
responding to the homogeneous orthotropic plate. The second
mid-layer has the thickness #, = h/2 and the same material prop-
erties as the homogeneous plate analyzed in previous example. For
the numerical modelling we used again 441 nodes with a regular
distribution. A uniformly distributed load g, = 300 psi = 2.07 X
X 10° Nm ™2 is considered here.

Numerical calculations are carried out for a time-step Ar =
= 0.357 - 10*s. Time variation of the deflection at the center of
a simply supported plates subjected to a suddenly applied load is

given in Fig. 5.

2.5

2 1 ym

S 1.5 <}<>
g e
E S %
S

2 05

= =0= = homogeneous-iso
—% =homogeneous-ortho
—@— laminated ortho

'0.5 T T T T T
0 0.2 0.4 0.6 0.8 1 1.2

Y%

Fig. 5 Time variation of the deflection at the center of a simply
supported plates subjected to a suddenly applied load
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The peaks of the deflection and bending moment amplitudes
are shifted to shorter time instants for the orthotropic homoge-
neous and laminated plates due to larger Young’s moduli. They are
largest for the laminated orthotropic plate. Since the mass density
is the same in all plates, the elastic wave velocity is largest for the
laminated plate. The maximum reduction of the deflection is
achieved for the laminate plate, where the flexural rigidity is the
largest.

6. Conclusion

A meshless local Petrov-Galerkin method is applied to lami-
nate plates under mechanical loadings. The present computational
method has no restriction on the number of the laminae and their
material properties. The laminate plate bending problem is described
by the Reissner-Mindlin theory. The Reissner-Mindlin theory
reduces the original three-dimensional (3-D) thick plate problem
to a 2-D problem. The weak-form on small subdomains with a Heav-
iside step function as the test functions is applied to derive local
integral equations. After performing the spatial MLS approxima-
tion, a system of ordinary differential equations for certain nodal
unknowns is obtained. Then, the system of the ordinary differen-
tial equations is solved by the Houbolt finite-difference scheme as
a time-stepping method.

The proposed method is a truly meshless method, which
requires neither domain elements nor background cells in either
the interpolation or the integration. It is demonstrated numerically
that the quality of the results obtained by the proposed MLPG
method is very good. The degree of the agreement of our numerical
results with those obtained by the FEM-ANSYS computer code
ranges from good to excellent. Since in our illustrative examples
only simple problems are analysed, only a regular node distribu-
tion has been used. However, a random location of nodes should
be considered for further progress of the method.
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