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1. Definition and basic properties of orthogonal
polynomials

Definition 1. Let �a, b� � R be a finite or infinite interval.
A function v(x) is called the weight function if at this interval it
fulfills the following conditions:

(i) v(x) is nonnegative at �a, b�, i.e.

v(x) 
 0

(ii) v(x) is integrable at �a, b�, i.e.

and

(iii) for every n � 1, 2, 3 …

.

Definition 2. Let {Pn(x)}�
n�0 be a system of polynomials, where

every polynomial Pn(x) has the degree n. If for all polynomials of
this system 

,

then the polynomials {Pn(x)}�
n�0 are called orthogonal in �a, b�

with respect to the weight function v(x). If moreover for every 
n � 1, 2, 3 …
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then the polynomials are called orthonormal in �a, b� with respect
to v(x).

Remark 1. The condition of the orthonormality of the system
{Pn(x)}�

n�0 has the form

,

where �nm � 1 for n � m and �nm � 0 for n � m.

Theorem 1. For every weight function v(x) there exists one
and only one system of polynomials {Pn(x)}�

n�0 orthonormal in 
�a, b�, where

.

Proof. E. g. in [12].

Theorem 2. A polynomial Pn(x) is orthogonal in �a, b� with
respect to the weight function v(x), if and only if for arbitrary poly-
nomial Sm(x) of the degree m � n the following condition is ful-
filled

.

Proof. E. g. in [12].

Theorem 3. If the interval of orthogonality is symmetric accord-
ing to the origin of coordinate system and a weight function v(x)
is even function, then every orthogonal polynomial Pn(x) fulfils
the equality
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Proof. E. g. in [12].

2. Jacobi polynomials, Legendre polynomials, Legendre
associated functions

It is well-known that Jacobi polynomials {Pn(x; �, �)}�
n�0 are

orthogonal in the interval I � ��1, 1� with respect to the weight
function

, (1)

where � � �1, � � �1. Very important special case of Jacobi
polynomials are classical Legendre polynomials {Pn(x; 0, 0)}�

n�0,
for which � � � � 0 in the weight function J(x). In the next we
denote them by {Pn(x)}�

n�0.

Classical orthogonal polynomials are solutions of the second
order linear homogeneous differential equations of the form (cf.
e.g. [12])

a(x)y�n(x) � b(x)y�n(x) � �nyn(x) � 0,

where a(x) is a polynomial of the degree at most 2, b(x) is the
polynomial of the degree 1 and �n does not depend of x. For the
classical Jacobi polynomials this equation has the form

(1 � x2)y�n(x) � [� � � � (� � � � 2)x]y�n(x) �

� n(n � � �� � 1)yn(x) � 0,

which in the case of classical Legendre polynomials is reduced to
the form

(1 � x2)y�n(x) � 2x y�n(x) � n(n � 1)yn(x) � 0. (2)

Associated Legendre equation occurs in applications charac-
terized by Laplace or Helmholtz equation in spherical coordinates.
For m � 0, 1, 2, … n it has the form

.

Observe that for m � 0 it reduces to Legendre equation (2).
Its solutions are called associated Legendre functions of the first
and second kind, respectively. They are defined by (cf. [1])

(3) 

and

,

respectively. Here Pn(x) and Rn(x) are solutions of the Legendre
equation (2), the first of them are the classical Legendre polyno-
mials.
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3. Classical Legendre polynomials and generalized
Legendre polynomials

As it is seen from preliminaries, the Legendre classical poly-
nomials {Pn(x)}�

n�0 are orthogonal in I � ��1, 1� with respect to
the weight function L(x) � 1.

Now we introduce the system of polynomials {Qn(x)}�
n�0 which

will be the polynomials orthonormal in I with respect to the weight
function

Q(x) � (x2)�,

where � � 0 and Qn(��) � 0. It is clear that these polynomials
are generalization of the classical Legendre polynomials, which
can be obtained by substituting � � 0 in the weight function Q(x).

Further, we introduce two classes of orthonormal polynomi-
als:

(a) polynomials orthonormal in I with

respect to the weight function 

and

(b) polynomials {Pn(x; 0, �)}�
n�0 orthonormal in I with respect

to the weight function

J2(x) � (1 � x)�.

In both these cases we have classical Jacobi polynomials
orthogonal with the weight function (1) for � � 0, � � � � 1/2
and � � 0, � � �, respectively. In the next we establish relations
between them and the polynomials {Qn(x)}�

n�0 .

4. Jacobi and Legendre classical polynomials with 
different weight functions

Theorem 4. In the notations introduced in the previous sec-
tions

(4)

and

. (5)

Proof. According to the Theorem 3, the function Q2n(x) is
even function. Putting t � x2 we denote Wn(t) � Q2n(x). The
orthogonality of the polynomials {Qn(x)}�

n�0 for r � 0, 1, …, n � 1
and n � 0 yields
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From that it is clear that the polynomials are

orthogonal in I with respect to the weight function J1(x). Accord-
ing to the Theorem 1, taking into account the uniqueness of these
polynomials, we have

,

where k � 0 in consequence of the fact that
and Wn(��) � 0.

From the orthonormality of the polynomials Wn(t) we derive

from where we have and the relation (4), i.e.

.

Now we prove the relation (5). Putting t � x2 we have

,

where W��n(t) is the polynomial of the degree n and Q2n�1(x) is odd
function. For r � 0, 1, …, n�1 and n � 0 the orthogonality of the
polynomials {Qn(x)}�

n�0 yields

From there

,

where k� � 0 and from the orthonormality of the polynomials 
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Finally we get and the relation (5) of the theorem.

5. Applications in geosciences

Classical Jacobi orthogonal polynomials and their special
cases – Legendre polynomials as well as their generalizations and
associated Legendre functions are important tools in investigating
geoscientific problems. Such geosciences like geodesy, geography,
geology, geophysics, meteorology and others need adequate math-
ematical tools called geomathematics (cf. [3, 9]). We point out
some problems of geomathematics where the functions investi-
gated in previous sections of this paper are used.

In [5] we suggested to compute the length of a junction curve
of a railroad between two sections of a rail with different curva-
tures by means of classical Legendre polynomials. Junction curve
is a curve inserted between a straight line and a circle arc. Junc-
tion curve enables fluent transition between two sections of a rail
with different curvatures. At our railroads a cubic parabola is used
as the junction curve. In [2] the length of such junction curve is
computed by using binomial series, because the integral of the
function 

,

(is the specific constant) had to be computed. We suggested to use
Legendre polynomials, because the best approximation of a func-
tion by means of a polynomial is the approximation by means of
an expansion of the function into a series of orthogonal polyno-
mials followed by substituting the function by the partial sum of
such series (cf. [12]). So we used the following expansion of
a function (cf. [12]) 

,

where {Pn(x)}�
n�0 are classical Legendre polynomials.

Another application of classical Legendre polynomials can be
found in [6–7]. The authors used Legendre polynomials for the
approximation of cylindrical surfaces which was submitted as
a strategy of measurement supported by experimental verification.
The results were very good - the precision was high.

Legendre associated functions were used in [14-15] for the
approximation of the Earth shape. The author uses the functions
Pm

n (sin�) (� is geocentric coordinate of geocentric radiusvector
of a point of the Earth) defined by (3). The gravity potential of the
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Earth is expressed by expansion into the series of spherical func-
tions, where the functions Pm

n (sin�) occur.

Geomathematics uses also expansions of functions in two vari-
ables into double series of orthogonal polynomials (cf. [8, 13]),
orthogonal transforms (cf. [10–11]) and wavelets theory (cf. [16]).

6. Conclusion

In this paper we proved relations (4) and (5) which may be
used as expressions of the classical Legendre polynomials of the

argument 2x2 � 1 by means of generalized Legendre polynomials
{Qn(x)}�

n�0 of the argument x. Other relations for the orthogonal
polynomials in general in the forms of recurrence relations can be
found in [4]. The Legendre associated functions connected with
the above polynomials are the important part of geomathematics
– mathematics developed for solutions of geoscientific problems.
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