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PARTIAL DIFFERENTIAL EQUATION FOR HEAT CONDUCTION

AND ITS SOLVABILITY

This paper deals with the heat conduction equation which is a model of thermomechanical processes in the special case. The considered

case is based on the nonstandard type of coefficients in this equation.

1. Introduction and notations

Let ) be a physical body which is from the material point of
view some bounded domain in the Euclidean space E3. Let 9() be
its surface, i.e. the boundary of the domain of (). Let this bound-
ary have the lipschitz piecewise smooth property. As an example
we can take surfaces of polyhedrons, cones and other usual geo-
metric configurations. Suppose this body to be nonhomogenous
and nonanisotropic. Its heat conduction is in a relation to the
external and internal influence sources, e.g. chemical reactions,
electrical resistances etc. and to the structure of a material of the
body (). Let us know these properties in any point x = (x,, x,, X3)
of () defined by the following functions

a; = afx, ug, Uy, Uy, Uus), i =0,1,2,3. (1

These functions depend on the location of a point x in 2, on
the searched function

uy = u(x,1)

and on its derivatives
Au(x,?)
u — ox

,i=1,2,3.

Suppose that the function f(x,7) describes an existence and
actions of interior heat sources in our body (). The dependence of
the coefficients a; on the function u = u, follows from the well
known fact that the heat conduction depends on the heat (see e.g.
[1]). Then the equation for the heat conduction has the general
form

d 9
ﬁ - Zaaf(x, Uy Uy Uy Us) — Gl (X, Uy U, 1y, 1) = flx,2) .(2)
i=1 d

For a = %qu i =1, 2, 3, we have the following equation
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du A

E = 5(14117 + u, + u}z) :f
i. e. the classical heat conduction equation for a 3-dimensional
body in the form

du A

L L Au=r, 3
dt ¢co u=r )
where c, p, N are specific constants depending on the properties
of a material and A is the Laplace operator (for using such oper-
ator see e.g. [5, 6]) .

A nonstationary heat conduction depends on the other input
data, i.e. for our differential equations (2) or (3) from physical
point of view it is necessary to suppose some boundary conditions
and initial conditions. The boundary conditions characterize the
heat exchange of () with its neighbourhood in any point of bound-
ary 9€). The initial condition in the starting point of time 7, = 0
describes the initial statement of heat in the body (). Let us have
the boundary conditions for x € 9{) and for t > 0 in the form

u(x,1) = g(x.10) 4
and

D) = galnr), )

dn

where 77 is the normal vector to the boundary 9(). In the time
t, = 0 we have the initial condition on ) represented by the func-
tion

u(x,0) = h(x). (6)

Classical problems of this type are simply solved by Fourier
methods and by orthogonal function series (see e.g. [2, 5]).
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2. Coefficients of heat conduction equation in
nonstandard spaces

In the paper [4] there are introduced new function spaces
denoted by 27 and W*"™)_The theory of these spaces is inspired
by the problems of mathematical physics. The basic problem is in
solvability of stationary problems of heat equations in nonstandard
space, but we continue this study by dynamical problems of heat
equation in nonstandard environment.

Suppose that the functions mentioned above have the growth
of the type of variable powers in the variables u;,, i = 0, 1, 2, 3
Suppose that there is given some function p(x) and there exist real
numbers p, and p, for which

1 <p=px)s=p, <

almost everywhere on (). The equality
p(x)
p) —1

defines the so called conjugate function g(x) for the function p(x)
on ().

qlx) =

Now we assume that for the coefficients a, the below estima-
tion holds

T =1,2,3.

3
| (6, oy 1, 1) | < @, (x) + Y|y
j=1

Here ¢, are some nonnegative constants and a,(x) = 0 are the
functions integrable in the power ¢(x) over {) for i = 1, 2, 3. That
means that

/s]a,-(x)

For example, we can assume that

q(x)dx _ ./:/:/S]a,-(xl,xz,x;)|q('%w)d)€1dxzdx; < oo,

Wi =0, 1,2, 3. (7

a, (o, 1y U, 1) = |14

The function p(x) here we assume to be piecewise constant
on ().

For the other example we can assume that the function p(x)
is defined on two parts of (), i.e. (), and (),. In the first part for the
function p(x) we assume p(x) = 2 and on the second part there is
a function p(x) = 3. Then, the relation (7) obtains the form

|u,, xe D,
oxef, = 08,

Now we note that the theory of linear parabolic equations in
the first part and on the other side in the second part of () is dis-
cussed in many papers and books with the problem of crossing
conditions on boundary of domains (), and (),. Our problem is
defined in a very global situation. That means that we can investi-
gate some another problems using the methods of time discreti-
sation, so called Rothe’s method.

af(x,un,ul,uz,uj){ ,i=0,1,23.

U;
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2. Rothe's method

This method is based on discretisation in the time. In every
moment of our time we can find the solution for stationary partial
differential equation. This method is based on the decomposition
of some time interval (0,7) by the time sequence in the form
0=1t,<t ..<t, = Tfor every available natural n. In this time
we can reformulate some property from the paper [4].

Suppose that the function p(x) is defined on () and satisfies
the conditions mentioned above. Let the functions (coefficients)
afx, ug, uy, u,, usz) fulfill the next inequalities

3

Xl (r ot 1,1) — @ (x, 90, v, v )l — v] = 0

i=0
and

p—1 ¢

Y

3 3

Xl (x| = 6

i=0 i=1

for any u = (ug, uy, uy, u3), v = (v, v1, v, v3).

Here we assume that these functions are defined for every x
from some domain €2 in R* and for some positive constants c,, ¢,.
Suppose that the first inequality is strict for all ¥ # v. Let the
boundary conditions (4) and (5) and the initial condition (6) be
fulfilled. Without loss of generality we can assume that g, = g, =
= 0 For nonhomogenous conditions on the boundary of () we
can transform this problem into the problem with homogenous
conditions.

Define a function operator

3

e}
H(x) = — Zaa,(x, Uy Uy U, Us) — o (X, Uy, Uy, Ty, )

f
and assume that the functions u;, H, f, 5 are integrable in the

sense presented above on the set (). Then, there exists a unique
essentially bounded weak solution u(x,z) of our problem. This
solution is the classical (strictly) solution if the functions a;, f; H,
g1, &, are at least continuous and differentiable on the product set
in the form Q X (0,7).

The mentioned integration is in the Lebesgue sense, where the
set of zero measure is not essential. Therefore, we call the solution
to be “weak”, which is more general than the classical solution.

The mentioned Rothe’s method consists in some decomposi-
tion of the time interval (0,T) with the sufficiently large numbers
into small intervals with the step 7/n. Then we have this decom-
position in the form

t0=0<t|=%<1;=—<E <t=T.

Now we use the approximation of the type

ulx, ) — ulx,
du _ M,t E{ti ), i=1,2,..,n

dt %
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Then we have the equation in the discrete form

,[a(x,u(x,t,.),u'(x,t,)]’ + u(x,t,-)% = flx,1) + u(x,t,-,,)¥,
which is, in principle, an elliptic partial differential equation for
some fixed ¢;. This is based on the value of u(x,7;_,) which is the
known function on (), because we can go by the step by step prin-
ciple from the point 7, = 0 and this is an initial condition for this
equation.

Therefore, we can use so called Galerkin's method with respect
to the finite elements method to solve an elliptic boundary problem.
Then we obtain for the time moment ¢, the solution u(x,t;) of the
corresponding elliptic problem. In this way we obtain a set of the
functions {u(x,t;))}, i = 1, 2, ..., n which are defined on the set ().
Finally, we take the following function
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