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1. Introduction

Technology of structural experiment modal analysis is an impor-
tant measure for structural damage evaluation, which is based on
a modal analysis, predicts and evaluates a variation of physical
parameter according to the variation of a modal characteristic of
pre-damage and post-damage of the structure [1]. The development
and application of technology of structural experiment modal
analysis is restricted because the modal data beyond all freedoms
can not be measured in view of incompleteness of test data on spot.
The measure of structural frequency is much easier and precise rel-
ative to the collected data of a vibration mode, and high frequency
can be measured [2]. This paper deduces the evaluation method
based on the variation ratio of squared frequency and the validity
is checked from a numerical simulation and model experiment
test validation. Numerical and experimental results show the pro-
posed damage factor is theoretically breviate, simple realization
and high-accuracy performance; therefore, it has a good usage
prospect in the implementation of structural damage monitoring
and identification.

The variation of structural physical parameters must result in
the variation of structural modal parameters. Damage at a special-
ized position has different effect on each modal characteristic, and
the difference is just the basis to detect the damage position. The
relationship of damage and variation in a modal parameter can be
found with the perturbation theory and structure equation of motion
on the basis of structural damage of a certain degree [3, 4].

For a multiple-degree structural system, ignoring the effect of
damp, vibration eigenvalue equation is

(1)0K M$ $m {- =^ h

where M is the system mass matrix, K is the system stiffness
matrix, � is the eigenvalue and � is the normalized vibration
mode.

While the parameters of stiffness and mass of the structure
have a little variation of �K and �M, from perturbation theory Eq.
(1), we obtain 

(2)

Generally, structural damage was induced by crack or corro-
sion and has little effect on mass distribution of an integral struc-
ture, that is to say �M � 0. On expanding Eq. (2) and ignoring
the effect of �M 
 �� and �� 
 M 
 ��, we obtain

(3)

For the i-th mode of vibration, Eq. (3) may be written as
follows

(4)

Using �Kn to donate the stiffness variation in the nth element,
the Eq. (4) changes into 

(5)

Eq. (5) is similar with Rayleigh Quotient in shape, which indi-
cates the relationship between strain energy and structure eigen-
value [5]. Only when damage occurred on the nth element
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(6)

The eigenvalue of variation, � can be defined as the function
of damage location n and damage degree �n

(7)

Then �Kn � �n 
 Kn, and Eq. (6) can be reduced to the fol-
lowing expression

(8)

From Eq. (8) we know that the variation in eigenvalue is the
function damage position and damage degree. Assuming the two-
order variation eigenvalue ��i and ��j which correspond to two
modes and the corresponding frequency variation ratio is

(9)

Eq. (9) shows that the variation ratio of squared frequency of
any two modes is only the function of damage position, and
damage of element in different position is corresponding to a set
of variation ratio of squared frequency. The damage position can
be identified and damage degree can be evaluated according to the
variation ratio of squared frequency of each mode.

2. Numerical simulation

A pressure pipe with one end fixed and the other end simply
supported is shown in Fig. 1 and Fig. 2 gives its corresponding
FFM model.
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,ni i n2m mD = ^ h For the purpose of making a dynamic analysis to the structure
using FEM software ANSYS, the finite element model of the
structure consists of 12 elements and 13 nodes. The values for the
geometric properties are assigned as follows: (1) the length of the
pipe l � 2400 mm; (2) the outer diameter D � 70 mm; and (3)
the thickness of the pipe t � 25 mm. Values for the material prop-
erties of the beam elements are assigned as follows: (1) the elastic
modulus E � 72 GPa; (2) Poisson’s ratio v � 0.3; and (3) the
linear mass density � � 2800 kg/m3. Using stiffness reduction to
simulate the damage of the structure member, the nine kinds of
cases of pre-damage and post-damage are: – undamaged∼ – damage
at a single-point (the stiffness of element three, six, eight and
eleven decreases by 10 % respectively); – damage degree increases
in turn (the stiffness of element five decreases by 10 %, 15 % and
20 % respectively); – damage at a multiple-point (the stiffness of
element three and eleven decreases by 10 % at the same time), the
results are shown as Table 1.

Making a comparison of cases of pre-damage and post-damage,
letting the variation ratio of squared frequency be � � ��j/��i

(the variation ratio of first five mode and the first mode), using
the vibration number n as the horizontal coordinates and � as the
vertical coordinates, the results are shown in Fig. 3. 

From the figures we know that damage in different positions
has different effect on the variation ratio of squared frequency of
the structure and relates with the connection conditions of the
structure with other structure. With the damage position away from
the fixed end, the value of the variation ratio of squared frequency
� decreases gradually and then increases again at the simply sup-
ported end. Damage at a multiple-point contains the information
of damage at a single-point and the variation rule is similar with
the above conditions. When the damage degree increases, � also
gradually decreases. It shows that the different damage degree has
a multiple relation with the damage index �n. Damage can be
located and damage degree can be evaluated preliminarily usingFig. 1 Schematic of the structural model

The frequency (Hz) of FEM modal analysis Table 1 

Mode

Damage cases

Undamaged

Damage at single-point 
Element/degree

Damage degree increases gradually
Element/degree

Damage at multiple-point
Element/degree

3/10% 6/10% 8/10% 11/10% 5/10% 5/15% 5/20% 3, 11/10%

1 39.306 39.272 39.113 38.993 39.228 39.223 39.176 39.123 39.194

2 127.27 127.00 126.84 126.99 126.58 126.35 125.83 125.26 126.31

3 265.22 263.45 264.08 264.22 263.14 265.07 264.98 264.88 261.39

4 452.94 450.19 450.37 449.58 449.33 449.96 448.30 446.49 446.59

5 528.60 524.26 525.85 527.09 528.41 525.24 523.30 521.13 524.08

Fig. 2 Meshing of the structure
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the variation ratio of squared frequency because the information
of the whole structure can be expressed by the information of the
elements [6].

3. Model test

3.1. Test system

The test system and model are shown in Fig. 4.
The modal test is made using a pressure pipe model. The

beam is divided into twelve elements from the fixed end evenly.

A foil electric resistance strain gage of 120�0.5 � is pasted at the
middle location of each element along the axis on the beam.

The structure makes free vibration at the pulsed excitation.
After the strain response the signal is picked by a strain sensor,
the strain response signal is amplified via YD-15 dynamic stain
gauge, by entered dynamic signal digital display apparatus NICOL-
ERT-2090, amplified again and filtered, at last turned into a digital
signal, input into the computer and processed with ITDM (Ibriham
Time Domain Method) program. The modal parameters such as
natural frequency, strain modal characteristic and damp ratio can
be identified. 

2.2. Damage simulation

First, at the undamaged state of the beam structure, the vibra-
tion modal characteristic of the structure can be obtained using
a single point impulse. The modal characteristic analysis is made
after an impulse and response signal entered the dynamic stain
gauge. The first five modal characteristics are obtained through the
test, and the coherent function is quite good. The damage state on
a beam section is simulated by cutting a groove which has a width
of 0.13mm, varies with depth and is eroded by a thread with
a diameter of 0.1mm, and the vibration test is performed.

Three cases of vibration test are performed: – undamaged; –
damage at a single-point (damage occurs at element three, eleven;
damage occurs at element five using the increasing thickness of 2
mm, 4 mm and 6 mm in turn to simulate the damage state of the
structure); – damage occurs at a multiple-point (damage occurs at

η � η η

η η η η

Fig. 3 Variation ratio of squared frequency

Fig. 4 Schematic of test system

Fig. 5 Damage state
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element three and element eleven using the thickness of 2 mm to
simulate the damage).

3.3. Data processing and result analysis

Table 2 is the experiment test data. After making an analysis
of the test results, the relationship drawing can be worked out as
shown in Fig. 6 a�f .

From the results of data processing we know that the struc-
tural frequency which is related with the characteristic of the
structure such as restraint conditions except for the damage posi-
tion and damage degree shows a definite variety rule under
damage at a single-point and multiple-point.

4. Conclusion

(1) There has been the function relationship between the vari-
ation ratio of squared frequency of pre-damage and cases of damage
at multiple-point and between the variation ration of squared fre-
quency of pre-damage and different damage degree. 

(2) The analysis results show that the damage evaluation can
be performed if only the former two rank variation ratio of squared
frequency is acquired, but the method can not make damage state
identification for symmetrical elements of the structure. The
shortage can be made up with the vector data, while the damage
of actual structure will not be symmetrical absolutely.

(3) The damage of a great number of structures can be denoted
by using scalar quantity �Kn � �n 
 Kn to express the reduction of

η ηη η

η η

Fig. 6 Variation ratio of squared frequency of damage at single-point and multiple-point of the test

The frequency (Hz) of model test Table 2 

Mode

Damage cases

Undamaged

Damage at single-point
Element/H

Damage degree increases gradually
Element/H

Damage at multiple-point
Element/H

3/2mm 11/2mm 5/2mm 5/4mm 5/6mm 3, 11/2mm

1 40.81 40.75 40.74 40.73 40.68 40.64 40.71

2 132.12 131.83 131.43 131.17 130.66 129.87 131.08

3 275.28 273.49 273.16 275.12 275.01 274.87 271.23

4 470.18 467.22 466.46 467.11 465.31 463.86 463.46

5 548.8 544.16 548.53 545.17 543.13 540.68 544.04
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the element stiffness in the field of civil engineering, so does this
paper in which damage state of the structure is simulated by the
method of stiffness reduction. When applied in actual engineer-
ing, due to a high level of noise in a modal test, the measured 
frequency and vibration modes actually show much difference
from the actual condition, and the effect of identification is
affected [7]. The damage identification algorithm and checking
measure which can eliminate the effect of noise should be studied
further.
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